The emergence of the triangular lattice near a flat wall

Y. ALMOG *

Abstract

The bifurcation of periodic solutions near a flat wall for applied magnetic fields
which are slightly weaker than H¢, is considered for a reduced Ginzburg-Landau model
obtained in the large x limit. We formally demonstrate that following the bifurcation
of the first mode, when the applied magnetic field is further decreased, there is a
second bifurcation, after which the solution develops continuously into the well-known

triangular lattice.

1 Introduction

Consider a planar superconducting body at a sufficiently low temperature (below the critical
one) under the action of an applied magnetic field . Its energy is given by the Ginzburg-
Landau energy functional which can be represented in the dimensionless form [10]
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in which U is the (complex) superconducting order parameter, such that |¥| varies from
|U| = 0 (when the material is at a normal state) to |¥| = 1 (for the purely superconducting
state). The magnetic vector potential is denoted by A (the magnetic field is thus h = V x A),
he: is the constant applied magnetic field, and x denotes the Ginzburg-Landau parameter
which is a material property. The superconductor lies in €2, which is a connected domain.

Its Gibbs free energy is given by E, which is invariant under the gauge transformation

U — ey ; A—A+Vn. (1.2)

wherein 7 is any smooth function.

For sufficiently large magnetic fields it is well known, from both experimental observations
[20] and theoretical predictions [14], that superconductivity is destroyed and the material
must be at the normal state. If the applied magnetic field is then decreased there exists a
critical field where the material enters the superconducting phase. This field is called “the
onset field” and is denoted by He,.

It is well-known that at the bifurcation from the normal state, superconductivity is
concentrated near the boundary. Alternatively we can say that U decays exponentially
fast away from the boundaries as either s or the size of 2 tend to infinity, which is why
the phenomenon has been termed surface superconductivity. This result has first been
established for a half-plane [24], then for disks [6], and for general smooth bounded domains
in R? 7, 19, 12, 16]. It has later been extended to weakly non-linear cases in the large x
limit [17].

In the absence of boundaries the critical field at which superconductivity nucleates is



denoted by He, and is smaller than He, (He, ~ 1.7k whereas Hp, = k). Furthermore,
the bifurcating modes are periodic Abrikosov lattices [1, 9, 2] which have been observed ex-
perimentally [13]. Rubinstein [23] has therefore conjectured that superconductivity remains
concentrated near the boundary for He, < hey < He, ; when he, = He, (either for x large
or for large domains) Abrikosov’s lattices bifurcate away from the wall.

Recently, it has been proved both in the large x limit [22, 5], and in the large domain
limit [3] that as long as He, < he, < He, superconductivity remains concentrated near the
boundaries. Furthermore, Pan [22] proved that when s > 1, the solution near the boundary

is close to the solution of the problem

(N + x122)2 Y= (1—[¢?) inR2 (1.3a)
|l
T L 0, (1.3b)

where A = K/he,. In addition, it is conjectured in [22], that the unique solution when A < 1

is essentially one-dimensional, i.e.,

W= f(x1, \)e™oe2, (1.4)

for some wy € R and f(x1, \) which satisfies
—f" @z —w)’f=AfA1-f*) 5 f(0)=0.

Non-trivial positive solutions exist for all A > S(wp), where
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Furthermore, f < 1, and [22]
f(z) ~ e asx 0, (1.6)

(cf. [21] for the definition of ~). In a previous contribution [4], we studied (1.3), after
applying the transformation

T — T — W,

in the space

Py ={¢ € H,,py([—wo,00) X R) | ¢(w1, 22 + L) = p(a1,22) } - (1.7)

In this setting the solutions of (1.3a) may be treated as critical points of the functional

8<w>=/0°0/02ﬂ/w

We proved in [4] that (1.4) must undergo a bifurcation for A slightly greater than unity,

(iV + xl%Q)w‘Q + A (%W}\“ - y¢|2> dxodry . (1.8)

i.e., we proved the existence of a sequence of critical values {\,}°°, such that A\, — 1 as
n — oo where a bifurcation from (1.4) can take place. Furthermore, we proved that near

the bifurcation, the bifurcating branch is given in the form

/
A, 4 e (;7)3 "L o) (1.9a)
P = e { f(21,N) + € [dn(z1)e™™ + d_p(21)e” 2]} + O(€7), (1.9b)

where € < 1, w = 27/L, and ¢4, satisfy a system of ordinary differential equations which
is described in the next section. Finally, we proved that near the bifurcation, the energy of
the bifurcating branch is lower than the energy of (1.4). Hence, for A > 1 (1.4) must lose its

stability.



While the results in [4] prove the bifurcation of a single Fourier mode, they do not address
the behaviour of the bifurcating branch with increasing A. It was expected in [4] that with
growing A the solution tends to become periodic in the x; direction as well. In other words,
the solution should approach an Abrikosov lattice [9, 2]. The manner by which (1.9) develops
into a periodic solution is not clear: it may either result from a sequence of bifurcations, or
it may evolve continuously, or else undergo some combination of the above.

The present contribution focuses on the evolution of (1.9) with increasing A\. We assume
that the first bifurcation takes place at A = Ay, where N > 1 (we discuss this choice in § 5).

Then, by using a combination of formal and rigorous arguments, we find

1. The value of A at which the next bifurcation (hereafter referred to as the “second”

bifurcation) should take place.
2. The bifurcating mode.

3. The behaviour of the solution with increasing A following the second bifurcation. We
find that if no other bifurcation occurs after the second bifurcation, then, as N — oo,

for A > Ay_; where 1 < | < N, the solution tends pointwise to the triangular lattice

) 3

We note that there are many indications, both theoretical [2, 9, 18] and experimental [13],

[18] for

that the minimizer of (1.1) is indeed the triangular lattice. It is thus plausible that the

transition from (1.9) to a periodic solution in the z; direction is indeed described by the



results in this work, despite a number of gaps that must be addressed in order to prove these
results rigorously.

The rest of this contribution is arranged as follows: In the next section we prove the
exact asymptotic behaviour of A\, and ¢+, as n — oo and conjecture that A, > 1 for all
n. In §3 we make use of the asymptotic formulas and the above conjecture to analyze the
second bifurcation. In §4 we formally analyze the behaviour of the solution with increasing
A after the second bifurcation. Finally, in §5, we briefly summarize the main results of this
work, emphasize some additional key points, and list the gaps that must be bridged in order

to rigorously prove the main results.

2 Preliminaries

Consider the problem

(N + x1%2)2 Y=X(1-[¥)*) inR} (2.1a)
g—w =0 (21,70 + L) = (a1, 29), (2.1b)
L1 x1=0

where 6 is constant. Pan [22] conjectured that for A < 1 the unique solution of (2.1) is

[e.9]

given by (1.4). In [4] we prove that there exists a sequence of critical values {\,},~

where solutions of (2.1) can bifurcate from (1.4) such that A, | 1. Furthermore, near the

bifurcation,

w I~ f(x1>6iwox2 +O()\) [¢n<xl)einwx2 +¢_n(x1)€—imum2} :



where upon applying the transformation © — x — wy, ¢,, ¢_, satisfy

—¢n + [(21 —nw)? = A] @ + Af? (200 + ¢—) =0 z1 > —wp, (2.2a)
—¢", + [(@1+nw)® = A ¢ + A2 (200 +dn) =0 21> —wy, (2.2b)
¢p(—wo) = ¢, (~wo) =0, (2.2¢)

and C(X) ~ O (|]A — A\,|*/?). The asymptotic behaviour of A, has been studied as well. In

particular, it is proved in [4], that
14 Chem30wte0)” <« ) < 1 4 Chem s i)’ (2.3)
We now prove the exact asymptotic behaviour of A,,.

Lemma 2.1 Let A\, be the lowest critical value of (2.2). Then

Ap ~ 14 2a%e”(te0)*/2 4 0 <e_2("‘”+”°)2/3> as n — oo, (2.4a)
where
a= lim ¢”/%f(z,1). (2.4b)
T—00

Furthermore, let ¢, ¢_,, be the corresponding eigenmodes. Then, for sufficiently large n we

have
[ = et 2| b ooy < e, 2:5)
where || - ||a denotes the L? norm on (—wy, 00).
Proof: Let

H= {¢ € H*(—wy,00) | 2¢ € L*(—wp, 0) ; ¢'(—wp) = O} ,
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and P, : H x H — L? x L? denote the operator

d? 2
—a7 + (11 — nw) 0 2 1
P, = | ™ + XS (21, M)
0 el + (131 + TLCU) 1 2
Clearly,
On
(P, — ) =0
.

0 =< %
x(z) = :
1 z>1
Let
2 2
o, =1 +2)\n/f (, An) |vn|” -
Then,

2

‘(’Un,(fp —Oén Un, ’ < /‘ X _|_2 x_nw>X/’ef(cz:fm,,;)2 < Cef(anrwo) .

We now represent the quasi-mode v,
Up = anq)n + 671 )

where

(2.6)



and

ap = (U, Dy) .

From (2.6) we have

a?z |)‘n - an| < |<Una (g)n - an) Un>| + |<7~}n7 (j)n - an) 77n>| <

< ||1~)n||2 ||(an - an) vn||2 + Oe—(nw+wo)2‘ (27)
Let

pn, = inf (Pyu,u) ,
ue%n
flullz=1

where %, is the orthogonal complement of span {®,,} in H x K.

Then,
Tn - n ~n 2 Tn - n n ;
|Hn — o |Hn — o
We claim that
liminf p,, — oy, = 2. (2.9)
n—o0
To prove (2.9) we define the operator
2 2
— 2+ (21 — nw) 0
Q,=| ™ . (2.10)
0 —% + (21 + nw)?
Clearly,
v, = inf (Quu,u) < py. (2.11)
a1
Ulj2=



We now prove that

liminfv, > 3. (2.12)

n—o0

Denote by U, the minimizer of < Q,u,u > in H x H. For sufficiently large n we have

where wu,, satisfies

—u! 4 (2 — nw)?up = Batn Ul (—wy) =0,

in which 3, = B(—nw — wy) is given by (1.5) and ||u,||> = 1. Let w denote a unit vector in

H,.. Then,

(w0, U) = (w0, —®, + (D, U Up) + (1 — (@, Up)) (w, Uy,) .

We seek to estimate the norm of &, — (®,,, U,) U,,. To this end we apply to it first Q,, — 3,

and then estimate the norm of the outcome. We have

/ (@0 = Ba) (B — (B, Un) U2 < O — B)? + 432 / 12 (|6af? + [6-0]?) .

To estimate the second term on the right-hand-side, we recall from [4] that

An/f2 (16nl” +10-nl® + |60+ 6-0l?) =
= —/ @0l + 107,17 + (& — nw)?|gn|* + (4 nw)?[_nl?] + An < (An — Ba) -
From [8, 19] we know that

1= 0 emre?).

10



Hence, in view of (2.3) we obtain
/ (20 — Ba) (B — (D, Uy) Uy, )| < Crem(moten)®/2, (2.13)
Since ®,, — (¥, U,,) U,, is orthogonal to U,, we have

/ |(Qn - ﬂn) (@n - <¢)n7 Un> Un)|2 Z (Un - Bn)Q ”(Dn - <<Dm Un> Un”é )

where

On = inf  (Quu,u).
uespan{Up}*+
flull2=1

Semi-classical analysis [15, 8] shows that

0p — 3. (2.14)

n—o0

Combining the above with (2.13) yields
||CI)n - <q)n, Un> Uan S C’e—(no.)—i-wo)2/27

and consequently

(w, Uy,) < Ce=metwo®/t, (2.15)

where C' is independent of w and n.

We now present w in the form
w = (w, U,) U, + w,.
Clearly, w,, LU,, and hence

<an, w> - ﬁ" <w7 U”>2 + <ann7 wn) > UnHwan > Un(l - e—(nw+w0)2/2) )

11



which proves (2.12). In view of (2.11), we have proved (2.9) too.

We now substitute (2.9) into (2.8) and then into (2.7) to obtain
an [\ = an| (P = o) va 3 + Cem e,
or, equivalently
a2 A — | < 2(, —1)°+5 / FH va]? + Cem(meten)? < Cp=2nwtwo)?/3,
Furthermore,

n

@ = 1= lonl3 > 1= [(Pn = @) vall; > 1= G2t/
Hence,

An~ 1+ 2)\n/f2(w, An) [on]” + O (672(7”*‘”0)2/3) as n — 0o. (2.16)
In [4] we proved that |0f/0\| < C for all z in some neighborhood of A = 1. Utilizing this
result together with (2.3) we obtain

Ap ~ 14 2/f2(x, e =) £ O (e‘Q(”“+w°)2/3> as n — 0o,
from which (2.4) readily follows. Similarly, from (2.8) we obtain (2.5).

g

We conclude this section by stating the following conjecture, and by making a simple

observation.

Conjecture 1 Let

() = inf In(Xns X—n); (2.17a)

(Xn,X—n)EHXH
”XnH%"‘”an”%:l

12



where

In(Xns X=n) :;/ o™+ (= nw)* Pl + [Xon |+ (2 4 nw)? [yl =

—wo

— A [|Xn|2 + |X*n|2 - f2 (an‘z + |Xn + X*n‘Q + |X*n‘2)] .

Then,

YneN; 30, >0: A< 1+, = 7,(\) >0.

(2.17b)

(2.18)

Note that by (2.4) the above conjecture is correct for sufficiently large n, since 7,(A) > 0

for all A < \,. For n which is not necessarily large, it is still expected that (2.18) remains

valid since otherwise the surface superconductivity solution (1.4) would loose its stability for

A < 1 for some n € N. This would contradict the physical intuition suggesting that (1.4)

must be stable for A < 1.

Finally, we prove the leading asymptotic behavior for 7, (\) as n — oo .
Lemma 2.2 Let A < 2. Then,
() ~ (A = A) (1 Cem b
Proof: 1t is easy to show that
—¢n + [(21 = nw)? = A= 7a] b + A (200 + 0-n) =0 21 > —wo
—¢", + [(11 4+ 1) = A= 7] don AP (200 + 60) =0 1 > —wp
Gp(—wo) = ¢, (—wo) = 0.
Consequently, in the same manner used to derive (2.16) we can obtain that
)~ 1423 [ PN P+ 0 () X a0

13
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Utilizing (2.16) we have

)~ O =) (142 [ Pl o) 42 [ [P = £ o

and since |0f /0N < C (cf. [4]) we readily obtain (2.19).

3 The second bifurcation

In the preceding section we have considered the bifurcation from the one-dimensional solution
(1.4). In this section we study the linear bifurcation from the bifurcating branch, i.e. the

second bifurcation. Let then
Y =1y+u (3.1)

where 19(\) denotes the solution which bifurcates from (1.4) at A = Ay for N > 1. It is

convenient to present ¢y using the parametric form

Yo = fot eVp + O (&, e Nertnl®/2) (3.22)
A2y + G +0(&) (3.2b)
in which
Vi = Gy (20)e N2 g (g e e (3.2¢)
fo(z1) = f(z1,1), (3.2d)
AP (%)3/2 +0 (e*(“N“JO)?/?) . (3.2¢)

14



We shall consider in the sequel positive € values which are of O (e*[(N *NO)“’*“’O}Q/‘*) for

Ny < N. In view of (3.2c) we have
A\ 2 9
(iV + w@) U — ANin [vn — i, (Ut @n)] —0. (3.3)

Consider now the bifurcation from the branch which bifurcated at A = A5 from the surface
superconductivity solution (1.4) for N # N which is still much greater than 1. In this case

we obtain from (2.5) that apart from an exponentially small error

QZO—fo( )gl/zo—fo( . ;

1,72 z1+w(N—N),z2

where 1)y is the mode bifurcating from f at A = \ 5- Thus, the choice of N has little impact
on the results obtained in this section. We shall return to this problem in the last section.
Substituting (3.1) into (2.1) while keeping in mind that v, is a solution of (2.1), we

obtain
A\ 2 _
(z’V + x1i2> u—X[u— (2]l u+ vgu + 2ul*vo + o + [ul’u)] =0 zeRZ, (3.4a)

Up, (—wo, 22) =0 3 w(zy, 22 + L) = u(zy, 22), (3.4b,c)

where L = 2m/w, and R2 = {(x1,22) | —wy < @1, 22 € R}. We look for solutions in P}
which bifurcate from u = 0. We thus assume that such a bifurcation takes place at A\ =

and linearize (3.4) by introducing the expansion

A2+ oM +02u® 4+ 0 (6%) (3.5a)

w2 oul” + 5%u + 6*u® + 0 (6%) | (3.5b)

15



to obtain
: ~\? (0 (0) 2, (0) 4 ,/2-(0)
<@V—|—x122> u® — g [ul” — (2] *u” + p5al”)] =0, (3.6)
together with (3.4b,c).

We shall now obtain a necessary condition for the existence of non-trivial solutions of

(3.6) involving V,, with N +n > 1.

Lemma 3.1 Let
= AN+ 62)\5\2,),
2) . . . (0) .
where Ay’ is given by (3.2e). Let further 1o be given by (3.2) and u'®) satisfy (3.6). Denote

by u,, the Fourier coefficient
27w
Uy, = / e "2 dxy .
0

Then, if there exist € < exp{—1[(N — l)w + wo]*} (where | < N) such that a non-trivial
u©) satisfying
o . 1
| liof? o ol day = 5 .7
o

exists for some 0 < n <[, we must have

1—2q”2
62%773” 2\2 An2
(1—2¢")" —q¢*™

(3.8a)

and

T'L2
%71’3/2U(0) = L —% exp {—% (21 — (N — n)w]® + iw(N — n):cg} +
\/(1 —2g)" + ¢**
q2n2 1 9 .
+ exp {—— [z1 — (N +n)w]” + iw(N + n)xg} , (3.8b)
\/(1 —2¢"%)" + ¢ ?

16



where

and

g=e 2 (3.8d)
Proof: Multiplying (3.6) by V,, and integrating by parts over D = (—wp, 00) x (0, L) we
obtain
(= wen) [ WOT = (0= Axn) [ Vo 2l + 3] +
+ ANin / 2 (wOV, —aOV,) + Anin / Vo [2 (|0 = ) u® + (2 = ) a@] . (3.9)

We need first an estimate for the first two integrals on the right-hand-side of (3.9). Without
loss of generality we assume that |[u(®||z2(py = 1 (which may always be achieved through

appropriately adjusting ¢). By (3.6) we also have

/

For the first integral on the right-hand-side of (3.9) we obtain by using (3.2)

: 0] 02
(1V + z112)u ‘ §C’/|u ‘ <C. (3.10)

[ Talifu® = [Vugu® 2 [ G + o).

Then , utilizing (2.5) we have

‘/mﬁwm

2
‘/ V., foVou®| < / PV IVol? < Qe 2N+n/2)wtwol?/3,

2

17



To estimate the second integral on the right-hand-side of (3.9) we multiply (3.6) once by

e V4122 and once by e!V+™%2 and integrate by parts to obtain the system

— Ut [(& = nw)? = p] Gy + pf? (2840 + 0y ) =

27w
= _/ [(|¢0|2 . f2) 2@ + (wg _ f2) B(O)} e—z’w(N—l—n)a:gdl,Q (3.11&)
0
— 0"yt (4 1w)* = p] Gy + pf? (20-Nn + Ann) =
27w
= _/ [(|1/10\2 _ f2) 21,0 4 (w(z) _ f2) 71(o)} el Ntn)e o (3.11D)
0
iy —t0) = B y_p (o) = 0. (3.11c)

Multiplying (3.11a) by @iy, and (3.11b) by @_x_,, summing the resulting equations, and

integrating with respect to x; we obtain

3N+n<aN+n> afon: ﬂ) - / [eiiw(N+n)x2aN+n + eiw(N+n)x2a7Nin] '
[([ol? = %) 20 + (05 = £2) a”] |

where J is defined in (2.17). Since #,e™"*2 is the projection of u(®) on the subspace of the

n’th Fourier harmonic, it is easy to show that its H,%wg norm is uniformly bounded for all N

and n. Consequently,

HU(O)”L4 S C ) Haneiwnmg”[/l S C
Therefore, it is not difficult to show that for sufficiently large N + n
. 2 A 2
/ |U_N—n| + f2 |UN+7Z| - (M - /B|Z:w(N+n)+w0> S
N, 2/4)?
< Ininlinsms ity ms 1) < C (e o~ (Nwrwo) /4) . (3.12)

18



where 3(z) is defined in (1.5). It is thus easy to show from (3.12) that

/ |ty —nl* + f* |innl* < C (6 - e(N“+”°)2/4>2 :
Let U,, be the minimizer of < Q,u,u > in H x H where Q,, is defined in (2.10). Let further
UNtn = (UN+n, UNsn) UNtn + Unin. (3.13)

Then, by (3.12) and (2.14) we also have
/ linin)? < C (e + e<NW+w0>2/4>2 . (3.14)
We now return to the second integral on the right-hand-side of (3.9). Obviously,
/ a7, = / P [Bnaniionon + ononiinsn] dr. (3.15)
—wo

From (3.12), (2.5) and (2.4) we obtain

‘/ FPON N / f4|¢N+n| / 4N n‘
<€+e [w(N+n)+wo]? /4> e~ 2w Nn)+uol®/3 (3 1)
and
‘/ P26 / Plined” [ ol <
<6+6 [w(N+n)+wo)? /4) e~ 2w twnl?/3 (3 17)
Consequently,

(1 = Ann) / uOV = Avan / Vi [2 (Iof® = £2) u®@ + (v — f2) @] +&, (3.182)

19



where

ERYe; {62 <€+ e—[w(N+n)+wo]2/3>2 4 <€+ e—[w(N+n)+wo]2/4>2e—[w(N+n)+wo]2/3} . (3.18b)

We now estimate the remaining terms on the right-hand side of (3.9). Evidently,

J Ve ol = 2 2 (= a2 [ AR T4 [P uOT0 ()

(3.19)
For the first term on the right-hand-side we have
‘/Vn (75— f* HaA Mn—1!2/(fo+f)2|Vn!2-
L (—wp,00)

In view of (2.4) and since 9f /0 is uniformly bounded [4], we have

‘ / (f2 - <0> < Qe BlwiN+n)wol?/2 (3.20)
For the second term on the right-hand-side of (3.19) we have
2 2

‘ [ 8ROV < [ BN < oot (3.21)

Combining (3.19), (3.20), and (3.21) we obtain

/Vn (|1/10|2 B f2) u® = ¢ / |V0|2u(0)‘7n +0 (626—[W(N+n)+wo}2/12> .

In a similar manner we can obtain a similar estimate for the second term on the right-hand

side of (3.18a). Thus,

(6 — ANn) /u(O)Vn = ¢ / V, [2 Vo? u(® + VOZE(O)} + %€, (3.22a)

20



where

|gn| < 6—[w(N+n)+w0}2/12'

Let

Then, we can write (3.22) in the form

2 ~ =

(€ +n2) dy = €¢" [2dn + dfnqﬂ 1 Ce%,

(62 - 773”) J_n = qu”Z [2J_n + dnqnﬂ +Ce%_, .

Let [d,, d,n]T denote a non-trivial solution and €\ be a critical value of

(62 - Uzn) dfn = €2qn2 |:2dfn + annQ]

(62 - nzn) dp,= E2qn2 [Qd,n + anrﬂ] .

(3.22b)

(3.23a)

(3.23b)

(3.24a)

(3.24b)

Let further py_,, denote a critical value of i for which a non-trivial solution of (3.6) satisfying

(3.7) exists. Let €, be given by

2 HUN—n — /\N

By (3.7) we have to look for a solution of (3.23) which satisfies

2
>

2 - 1
W ldo, > =
Hdaf 25

It is not difficult to show that

len — €| + |d — d,, < CE,,

+ ‘c?,n —d_,

21

(3.25)



where C' is independent of n and N. Furthermore, one can easily show that whenever

1 <k <2l and k # n, the solutions of (3.23) with € = ¢, must satisfy

dy

+ ‘J_n

< Cé,.

To solve (3.24) we multiply (3.24a) by d_,, and (3.24b) by d,, to obtain

(3.26)

(3.27a)

(3.27b)

We confine the subsequent discussion to the case ¢ < 1/2, (and later also to ¢ < v/2 — 1).

This is done because most of the analysis in the next section will be devoted to the limit

g — 0. Furthermore, the periodic solution with the minimal energy in R? is the triangular

lattice [1, 9, 2] for which ¢ is either e=™3 or e~™/V3 which are both smaller than 1/2.

For ¢ < 1/2 we must have by (3.27b)

nt—n = |dn‘ ‘dfn"

Hence,




Using (3.2b) the critical values of A\ are accordingly

1—2¢™

(1-2¢)" — g™ o =)

UN—pn = AN +
As long as ¢ < v/2 — 1 we have
AN—n < UN-n < AN—n—1,

and

UN—n — )\N—n S Cewa'
)\anfl - )\an

Consequently, we can assert that the next bifurcation takes place at A = puy_; where

1—2q

A=At ———— (A1 — AN) - 3.28

IUNl N (1_2q>2_q4(N1 N) ( )
The corresponding eigenmode is
9 d_1q 1 1—2¢q
Zd/2 = i : (3.29)
w —2¢)? +
dl q q q2

Combining (3.13),(3.14),(3.25), and (3.26) we obtain

2 1-2 1
Z3/20) d exp {—— (21 — (N = 1)w]? + iw(N — 1)@} +
X CEE7 e
2
q 1 2 . -
+ expq —= |21 — (VN + 1Dw|” +iw(N + 1)xe p + 77, (3.30
e { Gl = VDl N D45, (330)

where 7, satisfies
27w ‘
/ e R dey = 0V € (—wp,00) N =21 < |n| < N +2[.
0
We first consider the case [n| < N — 1 — 1. By (3.12) and (2.17) we have

2
n(12) [lnllf + l-nl] < € (€4 e Ceran®/a)”,
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By (2.19) and (2.18) there exists ny such that

1
n>n0:>%(ﬁb)25(>\n—,u).
Let first ng <n < N —1[1—1. Then
2 — A A Avos — A
|2 + lin|2 < C—— < CHTAN c gFZAN o ANUT AN o r—fiNe,

An — [ An — [ An =~ AN—21— AN

Consider now the case n < ng. Let

¥ = min .
¥=, min y(p)
1<pu<AN-—i

By (2.18) 4 must be positive for sufficiently large N. Consequently,
.2 N 2 e
[inllz + lli-nllz < C—.
5
Finally, we consider the case n > N + 2l + 1. In this case we can write instead of (3.23a)

(€ + 1) d = 26" d, + O,

wherein

'én S e—ile .
Hence, d,, < Cé,. Since (3.14) is still valid we have

I8l < Cemste,

which completes the proof of (3.8).
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Note that as ¢ — 0

d_, 1
= AN—1 —

dy 0

This is the limit of weak interaction between the modes: As ¢ — 0, w tends to oo and hence,
since ¢, ~ exp {—(z — nw)?/2}, we obtain exponentially small interaction between the V;
and its adjacent modes Vi and V_;. Consequently, as ¢ — 0, the next bifurcation is almost
identical in nature with the first bifurcation: It takes place at = Ay_; and the bifurcating
mode is Viy_1.

The fact that by (3.30) u(®) depends only on a finite number of modes is surprising:
One expects that the bifurcating branch would include infinitely many modes since the term
|4)|* on the right-hand-side of (2.1) does not allow us to separate a finite number of modes
from the others. It is thus expected that if we consider additional terms in the expansion
(3.5), we shall obtain additional modes, so that wu, the solution of (3.4) would consist of an
infinite number of modes.

Upon multiplying (3.4) by V,, and integrating by parts we obtain

= Aen) [0V = = A [ Vo 2o+ vda] +
+ )\N+n/f2 (an _avn) +)\N+n/vn |:2 (‘wOP - f2> U+ (1/}(2) - f2> I_L} +
+ )\/Vn [2|u|2¢o + UQ%] + )\/anu\Qu.

We now substitute (3.5) into the above and obtain for the O(§?) balance for n = +1, making
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the same approximations as before

w \3/2 _ B
()" (@2 [0+l [0, -
= e%/vn 2 Vol u® + VZa®W] +el/vn [2u® " Vo + Vo (u®)] +

or\32 [ _
Fil (Z) [l ) + e 1)

It is possible to show that €, is exponentially small as N — oo, since it results from inter-
actions between “distant” modes, e.g. fy and V,,. We skip the details here and proceed by
formally obtaining the next-order term.

To find ug\lf)_l we write the equations for n = +1 neglecting the exponentially small terms

(& —n?))d") = q [Qd(_l{ + d(_l)lq] Y [ =29)2 = ¢, (3.32)
(¢ +n7) di? = g [2a" +d®_yq] , (3.33)

where
d) = / uVV,. (3.34)

It is easy to show that (3.32) can have solutions only if
Y =o. (3.35)

In this case the solutions are proportional to (3.29) and are therefore of no interest. For

n = 0 we have

2
dy) = 24" +di + E—? [(1-29)°+¢* —¢"].
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Hence,

d\V = —Ei [(1-29)% + ¢ — ¢*] +iC, (3.36)
1

where the last term can be eliminated using the gauge transformation (1.2). For n = £2 we

obtain
(& —n2,) d") = &¢* [Qd(f; + df1>2q4] +ad?(1-2¢) [2¢° +1—2q] ,
(ef +m3) d) = eig” [Qdél) + d@)_zq“] +e1¢°[29(1 — 2q) + 1],
Since € /n?, ~ O (e™N), we obtain
‘d(_lg‘ ~ O (e™“N).

One can then obtain

6
ds) = Z—l[zqu —2¢) +1] + (e7V).

For n > 3 it is easy to show that dﬂ =0.
We can proceed in the same manner to obtain the next order term in the expansion (3.5).

However, this solution will not provide any significant information except for the fact that

w \3/2
= ()7 e (44 g + 200 d) g + 200077 ) +

2m
(]

We see that while u(©) contains the modes V; and V_;, u") contains V, and V_, as well.

2 2 1 + O —wN
+2¢* dgo) ) d(_oi] & ~21-2¢g+0 (q2, e_WN) as ¢ — 0. (3.37)

(1-29)% — ¢t

n—1)

It can be shown that u contains V,, and V_,, and hence by (3.5) u contains infinitely

many modes. However, the coefficients of V_,, for n > 2 are exponentially small.
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If we increase ¢ in (3.5) such that § > €;, then the series (3.5) does not seem to converge:

It is possible to show from (3.31) that u™ ~ O (¢"/e}). Therefore, convergence of (3.5) can

be guaranteed only when § < €;/q. We are interested, however, in the behaviour of the

bifurcating branch when § > €; as well and therefore need to apply a different approach to

obtain this behaviour, which is what we do in the next section.

To this end we discuss here the behaviour of u near the bifurcation in the limit ¢ — 0.

Let then,
ap = (lzig(l) uV,,.
Formally, we have
ay, = f: a%k)ék,
k=1

where

By (3.8b) we have
1 n=-1
o) —
0 n#-1

Furthermore, since
u™ ~O0(q") asq—0,

we must have a') = 0 for all n and k > 2. Consequently,

Y~ fo+eVo+ 0V 4+ O(g)as g — 0.
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4 Post-bifurcation behaviour
Consider again (2.1). We multiply the equation by V;, and integrate by parts to obtain
3 0 Q=) V= [0 [ - £ @2V )]

or

=) [ 07 = 0= ) [ 010 Vit
v [ 010 = 5PV [ £ 16 = DV - = W] @)
We look for solutions of (2.1) for
0<A—pun_ <1,

which are close to (1.4), i.e.

w\32 ,
A= AN+ <%) € (4.2a)
and
O fo+ e+ €9, (4.2b)
where
n=—N+1

6 < e < 1, and |[v®@] is bounded as ¢ — ¢ and N — oo. (Note that (4.2) is an
extrapolation of the results in the preceding section.)
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We now estimate the various terms on the right hand side of (4.1). For the first term we

have
Jolwrvu=e [ PRot+30) e [ 2 200 4] Vs [ 1200 + @0)] 7,
in which we have the estimates

2
'/ £+ V| <C / FHVal? / D [* < Cem AN 4mwtwol®/3,

<e [(N+n)w+wo]?/2 )

‘/f2|w\+ )}\7

Hence,

‘(}\ . >\N+n) /¢|w‘2‘7n < C ’)\ . /\N—&—n’ [Ee—[(N-i-n)w—&-wo}?/S + 626_[(N+n)w+w0]2/4 + 63} ) (43)

For the last term on the right-hand-side of (4.1) we have
[PLo =00 @ pVl = e [ 207 -]+ e [ £ [or, - o).
in which we have the estimates

< 0672[(N+n)w+w0]2/3’

‘ / £ [507, - w“)vn}‘ <c ‘ / " Pénbndn

‘ / £ ‘ < Gl tmotool/3,

For the second term on the right-hand-side of (4.1) we have
[olo=rv=e [ 10 vis2e [ REOW) T+ [0 0T, 40 ().

in which

< Csup < Qe [(N+n)wtwo)? /2

[rer,

/kankNV
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and
'/fé)? {@E(l)@/)@)} Vn' < Qe [(N+n)wtwol?/4
Combining the above estimates and (4.1) we obtain
_ Wy =& [ O pDP 7 4 2
N+n n — n n .
= Awen) [6OT =& [0V, 4 (1.4)

where €, satisfies (3.22b).

Substituting (4.2) into (4.4) and neglecting the exponentially small terms yields

§ On+rc_’n+r+m0n+mqm2+r2 - VnCn =0, (45&)
rom=n—N-+1
where
A— Ay
2 +n
= - 4. b
= A (1.5b)

which is formally valid only when (N 4+ n) > 1. Let [ € N and

1 1
3 (AN—i41+Avg) <AL 3 (AN—i+ AN—i-1)-

Then, by (2.4), we have

1+0(e™N) n>-1+1
Up, ~ . (4.6)

—O(e*N) n<—l—-1
For n = —I the above ratio varies from a negative O(e*"V) value for A = (Ay_i41 + An_1) /2
to a value close to unity for A = 2 (Ay_; + Ay——1). An immediate consequence of (4.6) is
that
Cp~O0(e™) VYn<—l—1. (4.7)
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Equation (4.5) possesses infinitely many solutions. We first consider solutions which are

analytic functions of ¢, i.e.
C, = Z aniq". (4.8)
k=0
We first look at A(g) such that v_; is independent of ¢. Note that by (4.6) v, remains too

independent of ¢ except for an O(e™“") term, which is negligible for w < N. For ¢ = 0 (4.5)

has the form

o = |ano|* e —14+1<mn (4.9a)

v_i1a_1o0 = |a,l,0]2 a_10 - (49b)

Note that the real roots of (4.9) are all simple provided that A # Ay_;. Consequently, all
real solutions of (4.5) are holomorphic in ¢ in some neighborhood of ¢ = 0 for A # Ay_;. We
later show that the converse statement is also true, i.e. every solution of the form (4.8) is
essentially real.

Consider first the case | = —1. We shall assume that (3.5) and (4.2) should match
d ~ o(€p). If we continue (3.5) into the region where ¢ > €; [where (3.5) does not necessarily
converge|, we obtain via the superposition 1) = ¢y + u a solution in the form (4.2). Near the
bifurcation we have by (3.38)

ano =0 Vn#0,—1. (4.10)

By (3.38) we have

app = 1 y A-10= lim -, (411)
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or, equivalently, that near the bifurcation
2
|a—1,0| =V_1,

which is in accordance with (4.9).

We now make the following claim

Lemma 4.1 Let {Cy}," ., satisfy (4.5) and (4.8). Then,
¢,y = o nti@lcr (4.12)

where C!, € R for all n > —N + 1, and 0y(q) and 6,(q) are holomorphic in q in some
netghborhood of ¢ = 0. Furthermore, let {ano}zo:_]\,+1 be real solutions of (4.9). Then, there

exists a unique solution of (4.5) which satisfies (4.8) in some neighborhood of ¢ = 0.

We bring the proof in appendix A.
In view of (4.12) we can replace {Cy,},~ .4 by {Cp,},~_n., by applying the transfor-
mation

¥ — Dy, 25 + 01 (q) Jw) -

We may thus assume that the C,’s are all real (all other solutions will be gauge equivalent
by (4.12)).

Consequently, using (4.12), we can set

When A — Ay_1 > Any_1 — 1 we obtain a_; g = 1.
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We now set [ = —2 to examine the behaviour of C_5 with increasing A. As stated earlier
C'_5 is exponentially small when A —1 < Ay_5 — 1. However, we expect C_5 to become O(1)
for A > Ay_o.

Substituting (4.8) into (4.5) we obtain for the O(q) balance
Vnlnt = 3amgan1 + 2 [ar 1o+ o1 ] ano - (4.13)
For n # 0, —1 we have a,; = 0. For n = 0, —1 we have

oy = —V-1 , A11= ——755

The O(q?) balance is

9.2 2
UnGng = 30500n2 + 30510n0 + 4 (Qnt1,00041,1 + Gn1,00n-1,1) Qo+

2 2 2 2
+2 |:a’n+1,0 + anfl,O} an1 + [an+1,0an+2,0 + 20541,00n00n-1,0 + anfl,Oan*Q,U} - (4.14)

Since we are interested in the behaviour of C'_y with increasing A we solve (4.14) for n = —2

2
V_oQ_29 = a_LOCLQ().

Consequently,

Oy~ 22 (4.15)

V_o

As was expected in (4.7) C_5 is exponentially small provided that A — 1 < Ay_o — 1.
If, however, A T Ayj2, then a_55 — —oo and (4.15) ceases to be valid. To obtain the
leading behaviour of C'_5 in the limit ¢ — 0 when v_5 < 1 we consider first the case where
v_9 ~ O(q). Let then
V2 =pq.
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Substituting into (4.9), (4.13), and (4.14) (recalling that v_; = 1 up to an exponentially

small error) we obtain

a_20=20
pa_91 = 2.
Consequently,
C_ o= ! (4.16)
-2 = o 261. .

It is not difficult to show that in the overlap range where v_5 ~ O(¢®) for 0 < a < 1 (4.15)
and (4.16) match. We thus formally conclude that (4.15) develops into (4.16), which is valid
as long as p < 2.

When p 1 2, a_y; — —oo and hence we must consider separately the case [p — 2| < 1.

We thus consider v_, values satisfying
vV_g=2q+ Tq4/3.
In this case (4.8) is no longer valid. We therefore use the more general ansatz
k=0
Substituting in (4.5) and applying an appropriate gauge transformation we obtain

boo=1 ; boio=1 ; bgo=0,
b—2,1 = 07
and
(|b_2’2|2 — T) b_2’2 == —b%170b00 =—1. (417)
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Since our goal is to follow C_y with increasing A we look for the solution of (4.17) which

matches (4.16) as 7 — —oo. Consequently, we must have
b_go~— asT— —o0.
T

Using the theory of cubic equations, it is easy to show that (4.17) has only one solution for

3
22

T T =

since (4.17) admits only real solutions. We now follow this solution with increasing value of
7 in order to find its behaviour as 7 — oo.

When 7 = 7, (4.17) possesses two distinct solutions

1
b_so = — with double multiplicity (4.18a)

7

and
b_go = V4 with single multiplicity . (4.18Db)

The former solution does not exist for 7 < 7., and therefore, the latter solution is the one

we follow. Since |b_92(7.)|? > 7., we must have |b_s5(7)|? > 7 for all 7 > 7.. Consequently,

as 7 — 00,

Oy~ —TV2@RC2 Oy~ 71223, (4.19)

Consider now the case v_y = pg when p > 2. In this case we use the ansatz
o
Cn = Z Bnqu/2-
k=0
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Substituting into (4.5) yields, upon applying an appropriate gauge transformation,

Bypy=1 ; B_1g=1 ;B_5¢=0,
|B_271| =\VpP— 2. (420&)

To find the phase of B_5; we match (4.20) with (4.19) to obtain

Cg~ —\/P—qu/chlco ~ VP 2q1/2. (4.21)

Finally, we consider positive v_5 ~ O(1). Here we assume (4.8) once again. By (4.9) we

have
|CL_2’0| = \/V_9.

The sign of a_sp is determined from matching with (4.21). We obtain
C g~ =202 ,Co ~ 1] (4.22)

If X\ further increases so that Ay_os — 1 <K A —1 << Ay_3—1,thenv_y~1and C_5 ~ —1.
To summarize: we have followed the C_5(\) and found that it varies from a small negative
value when A — 1 < Ay_s — 1 to approximately —1 for A — 1 > Ay_s — 1. This procedure

can be applied recursively to obtain
C_~ _CEZ+1CI+2, (4.23)

from which we obtain

(D2l 1 <n <0
Cp ~ + O(q), (4.24)

0 otherwise
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wherein [-] denotes the integer value.

We have thus formally obtained the behaviour of the C),’s in the limit ¢ — 0. We now
claim that for [ > 1 and N —[ > 1, when substituting (4.24) into (4.2¢), ¥ becomes close to
the well-known triangular lattice [1, 18, 9, 2]. The following lemma proves a stronger result:
If a,o satisfy (4.24), then any solution of the form (4.8) is close to the triangular lattice, for
all ¢ where (4.8) converges and not only when ¢ — 0. We should, however, emphasize that
the foregoing discussion demonstrates (4.24) only formally and in the limit ¢ — 0. No such

result has been proved for a,,.

Lemma 4.2 Let

o0

¢ =€eD(q) Z (=D exp {—% (z1 — nw)” + z'mmg} , (4.25a)

n=—oo

where

L _ > (=nmrgm, (4.25b)

D?
(m,r)eZ?

Let v be given by (4.2) and {Cyn}," ., satisfy (4.5). Then,

¢ — ¢llec < Ce [q’%‘* el Ol eI (4.26a)
where
1 Moo = I o grv—s1/8),(v—31/8)] x 0,27/} (4.26D)
Proof: Let
) = en:ij:oo €y, eXP {—% (x1 — nw)2 + mwxg} , (4.27)
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where {e, }5° __ denotes the solution of

ST lmnpreng I e =0, (4.28)

(r,m)€Z?

which is holomorphic in ¢, or

o
€n = Z enqua
k=0
such that

(_1)[(n+1)/2] —1<n<0
€no — . (429)

0 otherwise

We first prove that there exists A > 0 which is independent of k, [, w, ¢, and N such that
‘enk - ank’ S Ake_WNl/4, (430)

for all 0 < k < [?/16 and —3[/4 < n < —l/4. This can be done by using the recurrence

relation obtained by substituting (4.8) into (4.5):

Utk = Y Y Q) jQntrts)(M—m—i)@(nts)im - (4.31)
r2+s2<k m,j>0
m+j<M

where M(r,s) = k —r? — s>. Note that the C,,’s were assumed all real in view of (4.12).
By (4.28), e, satisfy the same recurrence relation with v, = 1. We can thus proceed by

induction: We assume (4.30) for 0 < k < K — 1. Substituting in (4.31) we obtain

Vnng = E E E(n+r)j€(n+r+s)(M—m—j)E(n+s)m + AnK )
r24s2<K m,j>0
m+j<M(K)

where

K
A, i < ZSAKfjJQewal/éL.

j=1
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Any A > 0 satisfying

E:A_”n2 < %

n=1

would then satisfy (4.30).

Using (4.27) and (4.2) we now have

e—%(a:1—nw)2

19 = dlloo < llfolloc +€ Y 1Cn— el

n=—oo

‘ (o.9)

For the first term we have, since [ < N,

1 5 2 3
[folloo < Cexp {—5 (N — §l) wz} < Cexp {—§N2w2} < e,

For the second term we have the bound

€ Z |Cr, — €] ‘6_%(”1_”“’)2 ‘ <
/4
<e Z |Cy, — en| + Cew?/128 <
n=-3l/4
I 12/64
v k_—wNl/4 12/64
SGQZ(ACI) e +Cq ™/,
k=0
from which we obtain
[ = Pl < Ce (q/5 4 /2 4 Poet/1) (4.32)

To complete the proof we need to obtain a similar estimate for ||¢) — 1)||s0. By (4.25) we

can write

= 1
b =¢ Z Gy, €XP {—5 (21 — nw)? —I—incmg} ,

n=—oo
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where {g,}°° __ satisfies (4.28) and

n=—oo

g =Y gusd",
k=0

but in contrast with {e, }°°

—0o0

Gy = (—1)[FD/2]

Substituting the above into (4.28) yields
Gnk = Enk
for all 0 < k < 1%2/16 and —31/4 < n < —I/4. The proof of the lemma then easily follows.

g

5 Concluding remarks

In §2 we prove the exact asymptotic behaviour of the critical values {\,}22, of (2.2) and

their corresponding modes. We proved that

A~ 14+ 2a e~ (wtw)*/2 4 0 (e_Q(”“erO)Q/?’) as n — 00,
where

a= lim "2 f(x,1),
T—00

and that

b — eI g [} < e
2
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Consequently, immediately after the first bifurcation we have

=D\ _}_€2<i>3/2
n o )

b o giwoe {f(xh )+ 66—($1—nw)2/26inw12} L0 <e—(nw+wo)2/3> ’
Where f is given in (1.4).

At the conclusion of § 2 we conjecture that A\, > 1 for all n € N. This appears plausible
since we expect that (1.4) would serve as the global minimizer of (1.8) in P}° when X < 1.
In [4] it was shown that any bifurcating branch has lower energy than (1.4) independently
of n and A. Thus, no bifurcation should take place for A < 1 if (1.4) is indeed the global
minimizer.

In §3 we consider the second bifurcation, while assuming that the first bifurcation takes
place at A = Ay. We can explain this choice by considering (1.3a) not in Ry but in [0,d] x R

in the limit d — oco. In this case we have to add to (2.2) the boundary conditions

Gp(d —wo) = ¢~ (d — wo) = 0.
As a result of introduction of the additional boundary we have

An(d) ~ n*w?  when nw > d. (5.1)
However, because of continuity [11], one expects that

An(d) —— A, (00).

d—o0
While the above convergence is clearly not uniform in n, it still implies that for sufficiently
large d there is a large number of critical values A\, (d) which can be approximated by (2.4).
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Let then,

Ay = min \,(d).
neN

In view of (5.1) such a minimum must exist. Furthermore, if (2.18) is correct then Ax must
be very close to 1. Since with increasing A the first bifurcation from (1.4) must take place
at A = Ay we see that the assumption that the bifurcation takes place at A = Ay is in
accordance in principle with the situation in finite domains.

We show in §3 that, if the second bifurcation exists and if (2.18) is correct, then the
second bifurcation must take place at

1—2¢q

S S 5 W W
(1—2q)2—q4( N-1 = Aw)

UN—1 = Ay +

where g = e’/ 2 and the bifurcating mode must have the form

2 1-2 1
=3y 2 q exp {—5 (21 — (N = n)w]® +iw(N — n)xg} +
w (1-2¢)° + ¢
¢’ 1 2, .
+ exp 4~ (21 — (N +n)w|” +iw(N +n)zy .
(1—29)" +¢*

By formally evaluating the next order terms in (3.5) we obtain that each term provides two
additional Fourier modes to 1. Thus, (Y adds the modes V_, and V, etc. However, the
coefficients of V_; have been shown to be exponentially small for all k£ > 2.

In §4 we extrapolate the behaviour of i) near the bifurcation into the region where
)\—,uN_1 NO()\—AN)

To this end we assume that

Y fre Y GV, (5.2)

n=—N+1
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and

W \3/2
A%AN+3(§J .

Based upon this assumption we find that as N — oo the C),’s must satisfy the system
oo
= 2 2
Z Cn+rcn+r+mcn+mqm T VrZLCTL =0,
rom=n—N-+1

where

1/2 _ )\_)\NJrn

TN = AN
This system of polynomial equations is very similar to the one obtained by Abrikosov [1] in

the absence of boundaries where

Z Cn+rén+r+mcn+mqm2+r2 —vC, = 0,

r,m=—00
in which v is proportional to A — 1.

To investigate the solution of the above system with increasing A we first match (5.2)
with the solution obtained in § 3. We obtain that near A = uy_; as ¢ — 0 with fixed v_; we

have
C() ~1 C_l ~ \/V_1.

By following the leading order of C'_5 as ¢ — 0 (with fixed v_5) with increasing A\, we obtain
that when v_5 ~ 1

Cyr —C2C_4 = —1.

Since the same procedure can be applied again to derive the behaviour of C_,, when v_,, ~ 1,
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we obtain that

(_1)[(n+1)/2] —1<n<0
C, ~ + O(q).

0 otherwise

Finally, we show that if C, is holomorphic in ¢ for all n, then the above asymptotic

relation implies that (5.2) is closed to the triangular lattice, which is given by

- 1
¢ =eD(q) Z (=)l D/ oxepy {—5 (21 — nw)® + mwa} :

n=—oo

where

We prove that
¢ — Y]|e < Ce [q12/64 4 V2 4 (CP-wNt/a]

where 1 < [ < N and

I oo = I - | Zoo 1V —51/8)w, (N —31/8)] x 0,2 /] } -

We conclude this section by listing the main gaps which need to be addressed in order

to establish a rigorous proof of the main result of this work
1. Proof of (2.18).
2. Existence proof of the second bifurcation.

3. Proving that (5.2) is indeed a continuation of (3.1).
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4. Proving that C,, must be holomorphic in ¢ when v, ~ 1 for n > —[ and v,, ~ —O(e*")

for n < —1 — 1 (here [ is any integer smaller than N/2).

5. Proof that either no other bifurcation exists after the second one or, if another bifur-

cation does exist, then (5.2) has lower energy than the supposed bifurcating branch.

A Proof of lemma 4.1
We prove here an equivalent statement to (4.12), i.e. that
Cn1C2Chi1 €R. (A1)
We prove (A.1) by invoking inductive arguments. We first prove that
S (Cpe1CrCrsr) ~ O(q) Vn, (A.2)
and then that
S (Cro1C2Ch41) ~ O(¢") = S (Cri C2Ch41) ~ O(¢"H) V. (A.3)
Substituting (4.8) into (4.5) we obtain from the O(g*) balance that [2]
Sy {&(n+2)0a%n+1)0&no + 2a(n+1)0(dn0)2a(n,1)0 + &(n,g)oa%n_l)odng} =0Vn.
From this we easily conclude that
S {ami10(@n0)*am-1y0} = 0¥n,

which is exactly (A.2).
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To prove (A.3) we assume by induction that
& (C’n_lc_’iC’nH) ~ O(qk)
Equivalently we may assume the existence of 6y, 61, holomorphic in ¢, such that

X {Cnei[Ho(q)JrnHl(q)]} ~ O (qk) )

Let
qul _ ei[QO(Q)-&-nGl(Q)]C’n.
Then,
d = Z arn,q’
=0
where

a'njE]R‘V’OSjSk—l.
Let further
an, = lal, + 0] al, —1<n<0.
It is easy to show that when a],, = 0, then a],, € R. Thus, it remains necessary to show that

bk =0 for all —=I < n < 0. The recurrence relation (4.31) for complex a,; becomes

/ _ / = /
Vnanj = Z E a(n+r)ja (n+r+s)(M,m,j)a(n+s)m s (A4)
r2+s2<j m,j>0
m+j<M

where M (r,s) = j —r? —s% Tt is easy to show that (A.4) is satisfied for j = k and j = k+1
independently of the values of the b¥’s. For j = k + 2 we obtain after a tedious calculation

that (A.4) is solvable if and only if
Pb=0 (A.5a)
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where b is the vector

and P is the matrix

—P-i+1
2p_i1
P=1—p i
0
in which,

2p_141
—4p_i141 — P-iy2

2(p_i41 + p_i42)

—p_is1 —4Ap_iyo — poivs 2(p_iy2 + poivs)

Pn

—P—-1+1

2(p_i1 + p_iy2)

/

= a’nfl,O

(a

/
n0

)

2
anJrl,O'

—P—-i1+2

The matrix P can conveniently be decomposed into the product

p = plpR ’
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(A.5b)

(A.5d)

(A.6a)




where

—D—i+1 0 0
2p_111 =142 0
1 —
P = —P-i+1  2P—i42  —D-1+3
0 0 0
and
-2 1 0 0
1 =210
PR —
0 0 1 -2
The matrix P is circulant. Its kernel is spanned by [1,...,1]7. For P we have
( [ 7] 7 )
1 0
0
ker P = span ;
0
0 1
\ L L d J

(A.6b)

(A.6c)

Obviously [1,...,1]7 € ker P. Furthermore, any vector b € R'*! for which P®b € ker PV

belongs to ker P as well. Consequently, r(P) = 2 and

ker P = span

(
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and hence

by = b* + nb",

which proves (A.3). O
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