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Non-linear surface superconductivity for type II

superconductors in the large domain limait

Y. ALMOG

Abstract

The Ginzburg-Landau model for superconductivity is considered in two dimensions. We show, for smooth
bounded domains, that superconductivity remains concentrated near the surface when the applied magnetic
field is decreased below Hc, as long as it is greater than Hc,. We demonstrate this result in the large domain
limit, i.e, when the domain’s size tends to infinity. Additionally, we prove that for applied fields greater than
He,, the only solution in R? satisfying normal state condition at infinity is the normal state. The above

results have been proved in the past for the linear case. Here we prove them for non-linear problems.

1. Introduction

Consider a planar superconducting body which is placed in a sufficiently low temperature (below the
critical one) under the action of an external magnetic field . It is known both from experiments [20] and
rigorous analysis [15] that for a sufficiently strong magnetic field the normal state would prevail. If the field
is then decreased, there is a critical field, depending on the sample’s geometry, where the material would
enter the superconducting state. For samples with boundaries, this field is known as the onset field and has
been termed Hc,.

The simplest case in which the bifurcation from the normal state to the superconducting one was cal-

culated is a half-plane [24]. The analysis in this case is one dimensional: the linearized Ginzburg-Landau
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equations, which are the most common model for macroscopic superconductivity, were solved on R . Even in
this simple case the onset field is substantially larger than the bifurcation field on R [14]. The situation is no
different in two dimensions: it was proved in [19] and [11] that the bifurcating mode in RZ is one-dimensional
and that the value of H¢, is exactly the same as in the one-dimensional case. Similarly, the bifurcation from
the normal state in R? takes place when the applied magnetic field is identical with the bifurcation field for

R, which has been termed Hc,.

In addition to the difference in the values of the applied field, it was found by Saint-James and de-Gennes
[24] that superconductivity is concentrated at the onset near the boundary for a half-plane. This phenomenon,
which appears only in the presence of boundaries have been termed, therefore, surface superconductivity.
The significance of Saint-James and de Gennes’ solution [24] extends far beyond the simple, one-dimensional
example of a half-plane. It was proved, first for films [6], then for discs [4], and finally for general two-
dimensional domains with smooth boundaries [18,11], that as the domain’s scale tends to infinity the onset
field tends to de-Gennes’ value. If the boundaries include wedges the onset field will be larger than de-Gennes’

value [5,16,25,17].

Surface superconductivity reflects another difference between the problems in Rf_ and R?, where the
bifurcation takes place in the form of periodic solutions [1,7,3] known as Abrikosov’s lattices. The transition,
as the applied magnetic field decreases, from surface superconductivity to the experimentally observed [12]
Abrikosov’s lattices is not yet well understood. Rubinstein [23] conjectured that superconductivity remains
limited to a neighborhood of the boundary until about H¢, when a new solution which is similar in the bulk

to Abrikosov lattice appears.

In the present contribution we focus on the first part of the conjecture in [23]. We show that supercon-
ductivity remains concentrated near the surface when the magnetic field is decreased below H¢, as long as
it is greater than Hc,. We demonstrate this result in the large domain limit, i.e, when the domain’s size

tends to infinity. We consider here only smooth domains, domains with corners are left to future research.
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Additionally, we prove that for applied fields greater than H¢, only the normal state can exist in R2.
This result has been proved in the linear case, near the bifurcation from the normal state [19,11], and for
one-dimensional problems [2]. Here we prove it for the non-linear problem in R2.

In a recent contribution Pan [22] studies the same problem in the limit x — oco. Pan’s results are in
some senses weaker than the results presented here. Nevertheless, he provides estimates for the energy of the
solution near the boundary, a problem which is not addressed at all in the present contribution. We extend
the discussion a little further at this point in the end of §3.

The Ginzburg-Landau energy functional may be represented in the following dimensionless form [9]

2, I :
B= | (0P + 5+ b= hal?+
0 2

in which ¥ is the (complex) superconducting order parameter, such that |¥| varies from |¥| = 0 (when

Lyt Aw
K

2
)dxdy (1.1)

the material is at a normal state) to |¥| = 1 (for the purely superconducting state). The magnetic vector
potential is denoted by A (the magnetic field is, then, given by h = V x A), he, is the constant applied
magnetic field, and & is the Ginzburg-Landau parameter which is a material property. Superconductors for
which k < 1/ V/2 are termed type I superconductors, and those for which x > 1 / V/2 have been termed type
II. The domain {2 is the domain of superconductor whose Gibbs free energy is given by E. Note that E is

invariant to the gauge transformation
U ety A— A+ V. (1.2)

The Euler-Lagrange equations associated with F (the steady state Ginzburg-Landau equations) are given

by
; 2
(ﬁv+A) b= (- loP) (1.30)
VUXVxA= i (VY — V) + |24 (1.3b)
and the natural boundary conditions by

(ZVJrA)w-ﬁ:O D h=hes . (1.4a,b)
K
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We consider two-dimensional settings where we can write h = (0,0, h(z,y)) and hey = (0,0, hey). In the

next section we consider solutions of (1.3) in R? satisfying the boundary conditions

|| —— 0 (1.5a)
|| =00
h:vaﬁhem (15b)
z|—00

we prove that only the normal state, where » = 0 and h = he, can satisfy (1.3) and (1.5) whenever
hew > k= Hg,.

In §3 we consider the global minimizer of (1.1) in smooth bounded domains. We consider the large
domain limit, i.e., we stretch the domain with respect to a fixed point and let its scale tend to infinity. We
show that for sufficiently large scales, the global minimizer of (1.1) which must solve (1.3) together with

(1.4), tends exponentially fast away from the boundaries to a normal state as long as he, > k.

2. Non-existence in R?
In this section we prove the following result:
Theorem 2.1. Let ¢ : RZ — C and A : R? = R? satisfy the equations

; 2

(V+A) v=v(1-|¥¢?) zeR (2.1a)
K

—V x (V x A) = 21 (I* VW — V) + [F2PA x € R?, (2.1b)

K

together with the boundary conditions

] —— 0, (2.1¢)
|z|—o00
h:VXAﬁhewa (21d)
x|—o0

where the applied magnetic field, he,, is a constant. (For convenience we pick the Coulomb gauge, i.c.,
V-A=0.)

Then if either
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1. hey > Kk and Kk > 1/\/5,
or

2. hey < % and Kk < 1/\/5,
then, ¥ =0, h = he, is the unique solution of (2.1).

Proof: Let 1) = pe'®. Multiplying (2.1a) by e~*® and taking the real part we obtain

2 2
Vh
= | p3| , (2.2a)

1 1
—=V2p+p(1—p?) =p‘V¢—A
K K

whenever p # 0. (To obtain the second equality in (2.2) we used (2.1b)). Dividing (2.1b) by p? and taking
its curl (by standard elliptic estimates any solution of (2.1) must be C* on any smooth compact subset of

R?) yields
V- (Wl) —h=0, (2.2b)

2
whenever p # 0 [21]. Consider first the case hey > K, k > 1/4/2. Define

1
=h—r+ —p> 2.
u Kt 5op (2-3)

Utilizing (2.2) yields the following equation for w:

Vu

Viu—pu=r

(k) (2.4

It is possible to derive a similar equation which is valid when p = 0 as well. To this end we define,

whenever p # 0.

following [26]

0 defl (0 .0 0 a1 (OO def ,
E) <6x Z@y) "0z 2 (3x +23y) P AS A tidy
and
J=290 iy Jy=h—r(1-p?) (2.5)
K 0z* ’ r '

The Ginzburg-Landau equations (2.1) can now be written in the form

200 ... 1

8J3 - 1 6p2
2o — U =2 (/{ %> = (2.6b)
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Differentiating (2.6b) with respect to z we obtain

V2J3 - p2J3 = KR

J (H - ;fi) v2(p?)

and since
1
Js=u+ (FC—) p4,
2K
we obtain
RE 1
Viu—pPu=rl|J —l—( —)p4 (2.7)
2K
Comparing with (2.4) we obtain
2

2 |Vu
p

J

(2.8)

whenever p # 0. While (2.7) is valid for all 2 € R? (even where p = 0), (2.8) would prove to be very useful
in the next section.

By (2.7), u cannot have a positive maximum in R? including points where p vanishes. Therefore,

U < hey — K. (2.9)
Let
u u>0
ut =
0 <0

Multiplying (2.4) by u* and integrating over B(0,r) we obtain

+
/ 2 s P (2.10a)
8B(0,r) or

where

5|2 2 2
J| 40 (uh)” +|Vut|

F(r)= / Ku™ (2.10b)
B(0,r)

multiplying (2.10a) by 1/r and integrating between 1 and R yields

1 27 R R F
f/ (u+)2d9 2/ (T)dr
2 0 1 1

r
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In view of (2.9) we have

/R wdr < 7(hew —K)? VR > 1. (2.11)

r
Thus, since F'(r) is monotonically increasing it must identically vanish (F(r) = 0). Consequently, to satisfy
(2.1c,d), we must have

U=hey—k ;3 p=0.

To prove that the same result holds whenever xk < 1/ V2 and hep > i we define

1

5 (1=07) (2.12)

w=h-—

to obtain

1
J

Cy <%—H> (0* = p"),

and proceed in the same manner as in the previous case.

V2w — p*w =k

O

We note that for type I superconductors, no solution can exist in the one-dimensional case whenever
hew > 1/3/2 [2]. Thus, it might be that i is larger than the supremum of all the values of h., for which
non-trivial solutions of (2.1) can exist. (It is expected that, for x > 1/4/2, any non-trivial solution would be
unstable for he, > , where the normal state is known to be linearly stable [8], nevertheless unstable solution
can exist [7,2].) For type II, however, it is well known from linear bifurcation theory (cf. [11,7] for instance)
that at he, = K there is a supercritical bifurcation from the normal state. Finally, theorem 1 validity can
trivially be extended to all cases where either u (for type II), or w (for type I) are known to be positive at

some point in the plane.

3. Surface superconductivity for type II S.C.

In this section we consider the same equations but this time in a bounded domain. Denote by 27 a planar

domain whose boundaries are at least C%% for some 0 < a < 1. Denote by 25 the family of domains which
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are obtained from §2; via the transformation
x — zo + R(x — x0) (3.1)

where g is any point in R2. (If we change xy we merely translate the domains, and hence, the results in
the sequel remain valid.) Let (g, Ar) denote the global minimizer of the energy functional (1.1) in W(2g),
where
WW@z{WAMHPW@XHWh)CY+A>Weﬁmm}
Then (g, Ag) must be a solution of (2.1a,b) in 25 together with the boundary conditions
(;V%AR>¢%~ﬁ__OonaﬁR (3.2a)
hR = hez on 8QR (32b)

where 71 is the outward normal on 92 and hg =V x Ag.

We consider here the case £ > 1//2, for which we prove the following theorem

Theorem 3.1. Let he, > k. Then, 38 > 0, Ry > 0 and a constant hr such that

|DYYp| < CpePd@092r) forallao >0, R> Ry, andx € (2g (3.3a)
‘Do‘(hR — iLR)‘ < Cpe Pd@092r) forallaa >0, R> Ry, andx € 2y (3.3b)
~ C

To prove the theorem we need first to derive several auxiliary results. The first of them is uniform

boundedness of hr and pr = |¢g| for all R > 1

Lemma 1. Let h., > 0. Then,

PRl (2r) <1 (3.4a)

1
Vsl o=y < max <n, hes + 2) (3.4b)
Jn| <C(s 3.4c
HRLW%) ) (340)

where 2%, = {z € 2r | d(x,002g) > s} for some s > 0.
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Proof: The proof of (3.4a) is well known and follows immediately from (2.2a) and the real part of the

boundary condition (3.2a). To prove (3.4b) we define
h + L 2
UR = — K+ —ph.
R R o PR
Since up satisfies (2.7) it cannot have a positive maximum. Hence,

1 1
uRShex_’f‘F%thShe:c"'% (35)

In order to bound hg from below we first note that (1r, —Ag) is a solution of (2.1a,b) and (3.2a). It also

satisfies (3.2b) with A, replaced by —he,. Proceeding in the same manner as before we obtain
L,
—hR—/s—l—%pRgOéth—/{ (3.6)

We then prove (3.4b) by combining (3.5) and (3.6).

We prove (3.4¢) using standard elliptic estimates. We write (2.1) in the form
%Vz?ﬂR =2Ag- <;V + AR) VYr+ Vg (1 - [Yr* + |Agl?)
ViA=S [z/)R (iv + AR> wR]
Let zo € (23,. We first apply the transformation (1.2)
Ap = Ap — Ag(xo) 5 ¢r — e AnE)Typ, (3.7)
which leaves (3.8) unaltered. In view of (3.4b) Ar must now be uniformly bounded in B(x, s), i.e,
ARl L B(zo,s) < C - (3.8)

By standard elliptic estimates [13] we have

2
+ 0% (L= el +4:[)7]  (3.9)

p%+4‘AR' (;V—l—AR) YR

||¢R||§12[B(w075/4)] < C(S)/

B(z0,5/2)

In view of (3.4a) we have

/ p*<s/2
B(xzo,s/2)
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Define the cutoff function

—_

|z — xo] < 5/2

0 Jz—mo|>s

where |Vx| < C/s. Then [19],

/B(xg,s)

Combining the above inequality (3.8) and (3.9) we obtain

2

(£9+ 4r) v

= / e (1= pg) +|VX?pR < C .
B(zo,s)

1R 2 (B0, 72y < C(5) -

In a similar manner we obtain the same inequality for the H? norm of Ar. Bootsraping and sobolev embed-

ding then yiels (3.4c). Note that since Jg is gauge invariant (3.4¢) would remain valid even if we did not

apply (3.7).

O
We can now prove the following estimates on the L2 norms of pr and hr — hey.

Lemma 2.

/ ph <CR (3.10a)
2R
/ lhp — he|* < CR (3.10b)
Qr
where C' is independent of R.

Proof: In a similar manner to [11] we define a local coordinate system near 0(2r. Let 1 denote the distance
from the boundary and s the arclength along the boundary, with some point zy € 9f2gr corresponding to

s = 0. This local coordinate system is well defined in the rectangle
Sr={(s,n)]—RL/2<s< RL/2, 0 <n <R}

where L denotes the arclength of 92;. Denote by k1(s) the curvature of the boundary of 21, which must

be uniformly bounded in [—L/2, L/2]. For sufficiently large R we have JR > 1 and then, in view of (3.4) we
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have

LE/2 auR K1 LR/2 K1 !
1——77 dsdn:/ —(1——=n uR(s,n)’ ds
[ Lo = R asan= [ (=5
LR/2
/ / —uR s,m)dsdn < CR
Lry2 R

Hence, there exists 0 < a(R) < 1 such that

LR/2 8UR K1
——(s,a)(l1— =a)ds < CR
/_LR/2 n (50) ( )

or equivalently, 30 < a(R) < 1 such that

Denote by 2/, the domain enclosed in 17 = o. We now integrate (2.7) on {2/, to obtain

1 ou
2 - 4 < b i 11
/&pRum(m 2K)/&pR_/m "% < R (3.11)
Let
L,
UR:hR_HJ'_EpR

Upon substituting in (3.11) we utilize (3.4) to obtain

/ prvr < CR (3.12)
Qr

The energy functional (1.1) can be written, for (¢r, Ag) which solve (2.1a,b) and (3.2), in the form

1
Er = / |hew — hR|2 - 5/’411?,
2r

Since pr = 0, hr = he, is a solution of (2.1a,b) and (3.2) we obtain that at the global minimizer
2 14
|hez - hR| - ipR <0 (313)
2r
The above inequality may be written in the form

/ |hew — k —vR|? + V2 p%(hex — K —vR) <0 (3.14)
QR -QR

Substituting (3.12) in the above relation, and then using (3.13) we prove both parts of (3.10).

The next lemma is perhaps the core of the analysis in this section.
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Lemma 3. Let hey > & and {xg}r>r, denote a family of points such that xg € 2g. Let sp = d(zg, 002R).

Then,
1 + |3 2 2 + 2 + 2 CTL
VneN, d-< 8, <1: kup |Jr| + PR (uR) + |VUR’ < = (3.15)
2 B(wr.Busn) 5K
where o, =4 (1 — (2)") and Jr is defined in (2.5) with (Yr, ARr) instead of (1, A).
Proof: We prove the lemma by invoking inductive arguments. First, we prove (3.15) for n=1. Let
13 1P 2 ()2 +12
FR(x,r):/ nuR‘JR’ + 0% (uf)” + | Vuf]”- (3.16)
B(z,r)
In a similar manner to the proof of (2.11) it is possible to show that
SR F 1 27
/ Fr(@r1) 4 5/ [(u;(sR,o))Q - (@(1,0))2} o < C (3.17)
1 r 0

In the following we use C' to denote a constant which is independent of both R and xr. As Fr is monotonically
increasing in 7,
1

35 <Bp<1: FR(IR,ﬂQSR) <C (318)

and in particular
.12
/ nu;)JR’ + p% (UE)2§C. (3.19)

B(zr,BosR)

It is easy to show that 1/2 < 8 < By exists such that

C

.12 2 .12 2
/ g | + o ) < £ v Jn + 1 () (3.20)
OB(zRr,BsR) SR JB(zr,Bosr)

Let 51,52 S 8Bﬂ d;f aB(.’ER,ﬁSR). Then,

‘(u;)5/2 (&) — (UE)5/2 (52)’ < C/ (u§)3/2 |[Vug|

8B/3

By (2.7) |Vugr| = pr }JAR‘ whenever pr # 0. When pg vanishes Vug vanishes too in view of (2.1b) and (2.3).

Hence,

) 1/2 1/2
\w@%—W%\<C[/838“E\J>zi1 V W“ﬂ -
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Let 0 < s < Bsg, and let (r,0) denote a polar coordinate system centered around xg. Then,

27 ﬁsR ou 2 1/2 1 1/2
/ / i dd9<C[Amu§‘JR‘} Mpg(u;fﬂ} (3.22)

where A %/ B(zg, Bsr) \ B(xg, s). Hence, by (3.19),

27 5/2
| e

Since up cannot have a positive maximum, we obtain from (3.21)

Bsr C
<

K s
5/2 5/2 C
() (5.0) < (uf)”* (Bsr.0) + —
Utilizing the above inequality together with the inequality
4 | 5/4

2% — | > |2t —y (3.23)

and Holder inequality we obtain

27 Bsr ) 27 1/5 5
/ (u§)5/2 Rd&—i— 77(]:/ l(ug 512 (Bsr) + C) B
0 s SR 0 SR

In view of (3.17)

Consequently,

(e ) oo o ([

Combining the above inequalities yields

and by (3.17) we have
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Thus, since Fr is monotone increasing

Gy

1

E|§<51<6: 5<BsR:>FR(xR,s)§T/5 (3.24)

SR
which is exactly (3.15) for n = 1.
We now make the inductive assumption

1

- < Bn<1: s<Bnsg = Fr(zg,s) < —.
2 SRn

By (3.20) and (3.21) we obtain that for some 1/2 < 8 < 8,, we have for each &;,&; € B3

C
2" (€) ~ () ()] < e
R

By (3.22) we have

2
\5/2]P5R C
U < .
/0v ( R) s - San*‘rl
Consequently,
Bsr F ( 27 Bs C
R(TR,T) +\2|7°F
BB T g < <
/5 P s /0 ()], < Gasor
Hence,

4
apt1 = = (o, + 1)
5
from which the lemma immediately follows.

O

Lemma 3 allows us to obtain uniform convergence in {2 of ur to a constant, except for a boundary layer

of O(1) size (as R — o).

Lemma 4. For any family of points {Tr} g~ g,

¢
d(.’L‘R, 803)1/2

Jug ¢ |uf(er) — ir| <

Proof: Let again s = d(x g, 082r). Let o}, € B (zg, 35r). We first argue that, in view of (3.15), there must

exist a contour € connecting g and x} which is embedded in B (x R, %5 R), such that

.2
/RUE‘JR‘ + p% (u+)2§ 571 (3.25)
e
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To prove the latter statement consider the set of paths, enclosed in B(zg, %s r) composed of two straight
lines: the first of them connects zp with the vertical median of the line connecting g and %, and the
second line connect the end of the first line with z},. Then, in view of (3.15) we must have along at least one

of these paths

rdr < < (3.26)

5 2 9 5 2 9
/ [mu;g ’JR’ + o (u}) } rdr + / [feu; ‘JR‘ + o (uf 572
0 T=rR+Té 0 Sp

:l :L’ZI}%JrT‘él
where é and é; are unit vectors in the direction of the segments composing the path from zg to z} and
s < SR/2.

In view of (3.26) and (3.4) we have
i[5 2 ()2 i P LRy
/ muR‘JR‘ + o (uR) drg/ KUR’JR‘ +pR (uR) dr+
0 r=xR+ré 0 r=xR+ré

1 (® L2 2 1
—|—¥/ [KUE‘JR‘ +p2R (u}) ] ArdrSC(t—i— 5/2>
t r=cRr+ré tSR

5/

Choosing t = sp 4 yields

) 15 P2 ()2 ¢
RUR‘JR‘ + PR (uR) dr < =71
0 r=xR+Té Sp
The integral along the second part of the path of can be esimated in the same manner, which completes the
proof of (3.25).

In view of (3.25) we have,

3/2 211/2 9 e C
Len e wu e[ [alil] [ [ @] <
e e e sp
Consequently,
5/2 5/2 C
[(2)™” (@) = ()™ ()| < <5 (3.27)
SR
Using the inequality
2/5
‘Is/z _y5/2’ > |z —y|
yields
@

(3.28)
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Let zr be the closest point on 02 to xr. Let yr denote the center of the maximal ball embedded in 2g
which is tangent to 02 at zr. Let r,,, denote the radius of the minimal ball which is both embedded in {2,
and tangent to 927 . Then clearly, d(yr,9f2r) > r, R. We now define a finite sequence of points {x%}ano

located on the line connecting x and yg in the following way

0 N
Tr = TR, mRR =Yr

d(z'y, 002R) = gd(mﬁfl) 1<n<Np-1

(3)  sn<domoon < (3) s

By (3.28) we have

SR
and thus,
|(uf) (yr) = (uf) (r)| < Z | (uf) (2) = (ufe) (2 7)] <

S C 9 (n—1)/2 C
<> 7 (3) < 5. (329)

Let then up = u}(yr). We need to show that

o c
[(ur) (@r) —tr| < =7
SR

for any Zr € g, where 5g = d(Zg,02gr). Let Zg be the closest point on 02g to Tr. Let §r denote the
center of the maximal ball embedded in 2z which is tangent to 0f2g at Zg. Clearly, there is a curve e
connecting yr and gr whose distance from the boundary is strictly greater than r,, R, and whose length is

bounded by LR where L is the arclength of 9£2;.
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Let then {y’é}ano denote a sequence of points along € such that
Ng
R

Yh=Yr : Yn"=1r

vk~ v = grmR 1<n<Np—1,

Y Y 1
’yﬁR —yp" 1‘ < 5rmR
Clearly,
~ 2L
Nr<—<C.
Tm

Furthermore, for all 1 < n < N r — 1 we have

[02) ) — () ()| < g

Hence, following the same steps in (3.29), and taking advantage of the uniform boundedness of Ng with

respect to R, we obtain

(k) ) — () ()] < 77
By (3.29) we have
() (@) — () ()| < 75
SR

and hence,

- N C ~
|(u;) (‘TR)_UR| < ) VT € 2R.
SR

|
We now find the value of the constant @ by using the energy estimates in lemma 2.

Lemma 5. Let he, > k. Then,

_ C

Proof: Let x1 € (21 such that 0B(x1,7) C int(21). Denote by xr the image of x; in 2z under the

transformation (3.1). Clearly, B(xg,7R) C £2r. By lemma 2 we have

1
[hew — £ — URHLZ[B(IR,TR)] < llhew — K — URHL2[QR] < flhea — hRHLZ[QR] + % Hp?%H[ﬁ[_QR] < CR'?.
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However, by the previous lemma |u}f; — ig| < C/R'? in B(zg,rR), and hence

lhe = £ = Rl L2ip(op,rm) < [lhee = = “JﬁHLz[B(xR,rR)] +lar - uJPrCHL2[B(rR,rR)] < CR'Z,

from which the lemma immediately follows.

O

We can now obtain better estimates for the rate of decay of |u}, — @ig| away from the boundaries as

R — oc.

Lemma 6. Let hey > & and {r}r>r, denote a family of points such that tg € 2g. Let sg = d(zg,002g) ——

R—o0
oo. Then,
1 Ch
Vn eN E|§<ﬁn<1, C,>0: FR(xR,s)SS—n (3.31a)
R
where Fg is defined in (3.16)
~ + ~ C'I'L
Jug:  |uf(er) —dg| < ey (3.31b)
R
Proof: Clearly, by lemma 3
1 Cq
E|§<61<,3, Ci1>0: 3</35R:>FR($R53)§87
R
Suppose, then, that
1 Chn
3§<ﬁn<1C’n>O: s<ﬂnsR:>FR(xR,s)§S—n.
R
By (3.20) and (3.21) we obtain that for some 1/2 < < (3, we have for each &1,§2 € 0Bg where Bg =
B(xvﬁsR)
5/2 5/2 C
()™ (&) = ()™ (&) < -
R

By (3.22) we have

Bskr C
S n+1-°
SR

27 \5/2
U
/O (uz)

S
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Instead, however, of using (3.23) we write

2 —y® a4 2y 42yt +ayd + oyt
x4_y47 x3+x2y—|—xy2—|—y3

1
> =
> 6(:c+y)

which is correct when both x and y are positive. Consequently,

2 5/2
| e

27 1/5 4/5
> 1/0 [(u; /2 (Bsg) + Sncjﬂ) +uf 12 (5)] [(“E 5/2 (Bsg) + SnCH> —u} 2(5)] do

~ 6 R R

5
Bsr 2mC [T c\"°
"ao+ 77:+1 = / [(“Jﬁ 5% (Bsg) + n+l) —uf, P2 (s) pdf >
s SR 0 SR

However, from lemma 5 we can conclude that for sufficiently large R
n 1
ug,(Bsr) > B (hex — K) -
Hence,

2m 5/2
| e

from which we obtain

Bsr
dé

S

Bsg 9 21 4/5 21
do + :ﬁ > C/ KUE 5/2 (ﬂSR)+nC;1) —uf % (s)| o > C/ (u;%)2
s SR 0 SR 0

1 Chn
35 < Bp+1 < B: 8 < Bpr1Sr = Fr(zr,s) < Sni_ll
R

completing the proof of (3.31a).

The proof (3.31b) is almost identical with the proof of lemma 4.

O

The last auxiliary result we need is the uniform decay, away from the boundary, of pg.

Lemma 7. Let hey > k. For any family of points {xr}z- g,

Ch

: < —
VYneN 3C, >0:pr(zgr) < Awn 02"

Proof: Let sg = d(zg,d12g). By (3.31a)

Ell<ﬁn<1: / pfz(ug)Qg—.
2 B

(zr,BsR)
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Writing

+
(hez - H) ||pR||L2[B(erﬁn5R)] S HpRuRHLQ[B(xRaﬂnsR)] +

+|lpr (uf — tr) ||L2[B(xR,ﬁnsR)] tllpr (her = £ = @Rl 2B n,Bsr)] -

we obtain, in view of (3.30) and (3.31b),

Cn
||pR||L2[B(:CR,,3nsR)] < n/2 °
SR

(3.32)

Consequently, for sufficiently large R, we may conclude the existence of % < Bn < By for which

C.
/ < Sn (3.3)
aB(ZER,E”SR) SR

We now multiply (2.1a) by +} and integrate over B(zg,r) to obtain

1 Opr

- PR7+/ P (1= pk) = Grlzr,7)
K2 OB(zR,T) or B(zgr,r) R( R)

where

2

Grlzr,r) = / (Zv n A) "
B(zgr,r) K

Then, multiplying by 1/r and integrating between s and f3,,sp we obtain

1 27 o \Busn Brsr dr Brsr dr
— " de — 2 (1—p%) = / —G ,
2 ), PRl +/S X P (1= pk) : . r(zR,T)

Using (3.32) and (3.33) yields
Pusr gy Cy
/S 7GR(xR,r)dr < g
and since G i is monontonically increasing we have

1 ~ _
VHEN3§<6n<6n<1, Cn>0: GR(xR,ﬂnSR)S %

-n
el
R

Furthermore,

2 2

1 s L1
= 5 [Vorl" +pg | -Vé— A

’(IiVJrA)w
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when pr # 0. When pr = 0 we simply drop the second term on the right-hand-side, and hence,

1 . 2
- Vpr|® < ‘ (lv + A) P
K K

Consequently,

1 Ch
7/ - |VPR‘2 < —
K* JB(zr.Bnsr) SR

Using the estimate

1/2 o
/ _ |Vpr| < Csp / ~ ‘VPR|2 < Wn*l
B(zr,Bnsr) B(zr,Bnsr) SR

we can now complete the proof of the lemma by following the same steps as in the proof of lemma 4
O
Proof of Theorem 3.1: We use standard blow-up arguments in order to prove the theorem (cf. [11]). Let
2(R,k,s) = {x € Ng| d(x,002r) > ks}.
We prove exponential rate of decay by showing that
FRo, s0 1 |[VRll Lo (o(rpt1,5) < % [YRll L~ o(r ks V8> S0, B> Ro, k€N (3.34)

Suppose, for a contradiction, that (3.34) does not hold. Then, there exist sequences {Rj}?ip {sj};il,

and {kj};il satisfying R; 1 00, s; 1 00, k; € N, and

1 def 1
1Vrll=iorprisn 2 5 1Vl =iorps = 5 (3.35)
Let
s def VR,
Rj -
m;

By (3.34) there exists z; € 2(R, k+1, s) such that z/;Rj (zj) > 3. Furthermore, since B(z;,s;) € 2(R;, k;, s;)
we have

<1

< [[én, <
L2 PR

Define

i = Vg, (wj + z)e A T
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It is easy to show that

R

. 2
(ZV + [1]») fi=1; (1 —m} \fj|2) z € B(0,s;)

wherein

Aj(z) = Ag,(zj +x) — Ag, ()

We have seen in lemma 5 and 7 that

HV X Aj — hezi

L>2[B(0,s;)]
and that
m; — 0.
In a similar manner to the one used in (3.4c) we now define a cut-off function
1 in B(0,r)
e =
0 inR?/B(0,7+1)

|Vn,| < C inR?

It is not difficult to show (cf. [19]) that

/B(o,r+1)

Consequently,

2

(£9+4) s

We now rewrite (3.36) in the form

1 - 7 ~ ~
SV =24; (KV + Aj) fi—1i (1 —m | f" + ‘Aj

1
= [ (1-mgl) + Vel 2
B(0,r+1) ot

(3.36a)

(3.36b)

(3.37)

As the right-hand-side of the above equation is uniformly bounded in L2[B(0,r)] for all sufficiently large j

(such that r < s; — 1), we can apply standard elliptic estimates to prove first that f; is uniformly bounded
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in H7 (R?), and then that a subsequence {fjx},-, which converges in H} (R?) to a limit fy must exist.

The limit is the (weak) solution of
; N2
<Kv+hewA) fo=fo zeR?

wherein V x A = i,. However, it has been proved in [19,11], that no bounded solution can exist to the above

equation in R? when he, > . Hence, (3.35) has been contradicted and we must have,
| < Coe™ P 02m) (3.38)

where Cjy and 5 are independent of R.

To prove (3.3a) for a = 0 we write (2.1b) in the form
VAR =V x hg = S {wR (;v + AR) wR} (3.39)

Hence,
2
IVhi|? < [¢r|?

(iv + AR) -
KR

Hence, by (3.37) and (3.38) we have

[Vhp|* < Coe=28Hx0025)

/B(x,;d(x,aﬂR))
Using the above inequality we can prove, following the same steps in the proof of lemma 4, the existence of

a constant BR, such that

’hR - ER‘ < CpePd@.092r)

Using bootstraping and Sobolev embedding we can prove (3.3a,b) for o > 1. (3.3c) follows immediately from
lemma 5.

(]

Pan [22] demonstrates that in the limit k — oo (where {2 is fixed) we have

C

2
/ |w|2 + ‘]‘vw o ZA”L/)' eﬁ n(hwfn)d(z,aﬂ)dx <
Q K K(hex — K)

whenever he, — k > 1, for some 8 > 0 which is independent of x. Pan’s result is weaker than theorem 3.1

in the following senses:
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1. The exponential rate of decay is in L? sense whereas here pointwise decay is proved.
2. Our results are valid for all h., > x and not only for h, > k (this advantage may be attributed to the
difference between the limits).

3. We prove exponentially fast convergence of the magnetic field to a constant which is close to heg.

We mention again that Pan [22] approximates the behaviour of the solution near the boundary. This impor-

tant problem has not been addressed in the present contribution.
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