Abrikosov lattices in finite domains

Y. ALMOG *

Abstract

In 1957 Abrikosov published his work on periodic solutions to the linearized Ginzburg-
Landau equations. Abrikosov’s analysis assumes periodic boundary conditions, which
are quite different than the natural boundary conditions the minimizer of the Ginzburg-
Landau energy functional should satisfy. In the present work we prove that the global
minimizer of the fully non-linear functional can be approximated, in every rectangular
subset of the domain, by one of the periodic solution to the linearized Ginzburg-Landau
equations in the plane. Furthermore, we prove that the energy of this solution is close
to the minimum of the energy over all Abrikosov’s solutions in that rectangle.

1 Introduction

Consider a planar superconducting body which is placed at a sufficiently low temperature
(below the critical one) under the action of an applied magnetic field . Its energy is given
by the Ginzburg-Landau energy functional which can be represented in the following dimen-
sionless form [11]

2 |‘114 2 i
E = —|U)" 4+ =+ |h — hex|* + |-VI + AV
Q 2 K

2

in which ¥ € H'(,C) is the superconducting order parameter, such that |¥| varies from
|U| = 0 (when the material is at a normal state) to |¥| = 1 (for the purely superconducting
state). The magnetic vector potential is denoted by A € H'(Q,R?) (the magnetic field is,
then, given by h = V x A), he, is the constant applied magnetic field, and & is the Ginzburg-
Landau parameter which is a material property. The superconductor lies in {2, which is a
smooth connected domain. Its Gibbs free energy is given by E. Note that E is invariant to
the gauge transformation

U — ey ; A—A+VC(. (1.2)
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where ( is any smooth function. Thus, we confine ourselves in the sequel to competitors
from the space

M= {(w,A) € HY(Q,C) x HY(Q,R?) | (A—A) -7 A= hexxﬁz} , (1.3)

where §2 is a unit vector in the z5 direction.

For sufficiently large magnetic fields it is well known, both from experimental observa-
tions [20] and from theoretical predictions [14], that superconductivity is destroyed and the
material must be in the normal state. If the applied magnetic field is then decreased there
is a critical field where the material enters the superconducting phase once again. This field
is called “the onset field” and is denoted by H¢,. At the bifurcation from the normal state,
superconductivity remains concentrated near the boundary, which is why this phenomenon
has been termed “surface superconductivity” [23, 8, 9, 18, 12, 16].

In the absence of boundaries the critical field at which superconductivity nucleates is
denoted by H¢, and is smaller than He, (He, &~ 1.75 whereas He, = k). Furthermore, the
bifurcating modes are periodic lattices, named after Abrikosov [2, 10, 4] which have been
observed experimentally [13]. It has been conjectured, therefore, by Rubinstein [22] that
superconductivity remains concentrated near the boundary for Heo, < hey, < He,. When
hex = He, (either for k large or for large domains) a bifurcation of Abrikosov’s lattices far
away from the wall was conjectured [22].

Recently, it has been proved both in the large x limit [21, 7], and in the large domain
limit [5] that as long as He, < he, < He, superconductivity remains concentrated near the
boundaries. However, the second part of the conjecture in [22] is still open. In [24] it is
shown for the global minimizer of (1.1) (¢, Ay), that 1., diminishes as h, T He, away from
the boundaries. However, the exact structure of 1, is that limit has never been found.

In [6] the bifurcation of periodic solutions from the one-dimensional surface superconduc-
tivity solution introduced in [21] was studied. Nevertheless, the analysis in [6] was performed
in a half-plane and under the assumption that the solutions are periodic in the direction par-
allel to the boundary.

In the present contribution we focus on the emergence of Abrikosov’s lattices in finite
domains in R%. We prove that after the second bifurcation, when h., is slightly smaller
than x, the global minimizer of (1.1) in H, can be approximated in an appropriately chosen
rectangle in €2, by one of Abrikosov’s solutions. Furthermore, we prove that the energy of
this solution is close to the minimum of the energy over all Abrikosov’s solutions in that
rectangle.

Thus, we prove the following result.

Theorem 1.1 Let

1
VP < e =1 — hey/K)V? < ——
log

Let further (1, A,) denote the global minimizer of (1.1) in H. Then, denote by R a rectangle
wn ) whose side lengths are given by




where N(k,€) € N and w(k,€) € R are such that
1 Ly
— L\L ; < —=<
o L (Lily)'? I o

where r1 and ro are independent of kand €. Finally, let

w(zy 4 Ly, x9) = eMer™i®2q (1) 10) ace.
u(wy, o + Lo) = u(xy, 22) a.e. ’

/(3v+A)u-(—iv+A>q§=h6x/uq§ v¢60§°(3)}
R \F K K Jgr

where A is given in (1.3). Then, there exists ug(r,€) € Ug such that

| o=l <ce [ o (1.42)

UR:{UGPR

(Uo) < mf jR( ) (5] <0 Yvelg (14b)
where
§< e Va<1 (1.4c)
and
:/ lul* — €|ul?. (1.4d)
R
Furthermore,

1As — Allmy <CE ;5 | As — Al g2y < Cé (1.4¢)

This result proves that we can approximate 1, in every rectangular subset R of {2, and
possibly even in diminishingly small rectangles (as kK — o0), by some function ug in Ug,
which is the space of Abrikosov’s periodic solutions in R. Furthermore, the theorem shows
that uy can be found by studying the minimization problem of [Jx in Ug, which is a finite
dimensional subspace.

The rest of this contribution is arranged as follows: in the next section we review some
of the results obtained for the linear periodic problem, analyzed first by Abrikosov [2]. In
§ 3 we obtain some a-priory estimates that are valid for any critical point of (1.1). In § 4 we
obtain upper and lower bounds for (1.1) in R which enable the proof of theorem 1.1. Finally,
in § 5 we briefly summarize the main results of this work and emphasize some additional key
points.



2 The periodic problem

Consider the problem

) 2

n her .

<£V + A) u=—"y in R (2.1)
K K

where )

A= hezZL'lig . (22)
Let w € R, and let

L = wlN L, = 2

VherK ; WA hex K

where N € N. The periodic boundary conditions u should satisfy are given by

U(l’l + Ll,ZL‘Q) — emhezL1m2v($1,m2)
v(xy, o+ Lo) = v(x1, 29)

We can now apply another transformation

T — A/ KhepX

to obtain
N2
<iV + :m2> V=1 (2.32)
v(zy + L), 29) = N0 (1), 1y) (2.3b)
v(xy, 20 + LY) = v(z1, 22) (2.3¢)
where in the new coordinates

27
L' =wN : L,==—.
1 =W ) 2 o

It is easy to check that the phase change around OR where R = [0, L] x [0, L})] is 27N .
The general solution of (2.3a) and (2.3¢) is given in the form

[e.e]

v = Z gn(wl)eiamzz

n=—oo

where g, satisfies
g — (a1 —nw)? —1]g, = 0,

whose general solution is given by
Gn = Cne—%(“_”‘”)2 + D,G(z — nw) , (2.4)

where G' can be expressed in terms of Parabolic Cylinder functions [1].
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From (2.3b) we conclude that for all z; € R we must have
gn(z1 +wN) = gn-n(21),

or, equivalently,
On = On—N ; Dn = Dn—N .

By the lemma of Riemann-Lebesgue we must have

gn(r1) —— 0 Vz; €R

In|—o0

and since G(x;) is unbounded in R, we must have D,, = 0 for all n € Z.
Consequently, the general solution of (2.3) is given by

0o
Ll 2 4
v = § Cne 5 (z1—nw) plwnz

n=—oo

where C,, .y = C,, for all n. Thus, we can write that

N-1
v = Z Cnfn
n=0

where
oo
fn _ Z ei(n+rN)wz2e—%[acl—(n—H“N)w]Q )
r=—00
Note that
for1(z1,20) = 7 fr (11 — W),
and hence

| fallz2my = [[f VO<n <N —1.

We now define the spaces

P = {u € 0. .(R?)

u(xy, xg + Ly) = u(xy, x2) a.e.

u:{uEPMLQV+x@)w<ﬁV+x@>¢:AwbV¢EQWE},

and state the following result:

Lemma 2.1 Let w € P. Then,
w = Wy + w

u(zy + Ly, x29) = N7z, 25) ace.

(2.5a)

(2.5b)

(2.7a)

(2.7b)

(2.8)

where wy € Uy and w € Uy~ (the orthogonal complement with respect to the L*(R) inner

product). Furthermore,

/y(4v+x@)wﬁzg/ﬁm%
R R

(2.9)



Proof: Since the restriction of P to H'(R) is a closed subspace of H'(R), and since U is a
closed subspace of P (2.8) follows immediately.

To prove (2.9) we recall first that @ must satisfy (2.3c), and hence it can be represented
by the Fourier series

=Y b, (zy)e (2.10)
where by (2.3b) we have
"Lbn(.Tl + Nw) = ’U~)n_N(£L’1) . (211)

Consequently,

e L N-1 0o
/ =1, Y / ey = 15y / 2y, (2.12)
R 0 n:0 — 00

n=—oo

from which we also obtain that @, € L*(R) forall 0 <n < N — 1.
Since w € U~ we must have

where f;, is given by (2.5b) . Substituting (2.5b) into the above and making use of (2.10)
and (2.11) yields

/_Oo Wy, exXp {—%(asl - nw)2} dr; =0 (2.13)

e}

We now make use of (2.10) to obtain
. >k
LIV mi)af =1, 3 [ 1, - - o) o =
R o 0

N=1 .0
= Lj Z / @], — (21 — nw)y,*dzy, (2.14)
n=0 Y~

from which we obtain that w, € H! , (R), where

mag

H;mag(R) = {w | /R|Uj|2 + |w/ - $W|2d[l§' < OO} .

It is well-known [15] that

7w — zuldx

. —00

inf ST =3
vl ®) [T |ul?dx
uJ_e’12/2

Consequently, by (2.14) and (2.12)

N-1 .s
/ | (—N + x1%2) w|? > 3L Z/ @, [2day = 3/ |2

g



3 Apriory estimates

In this section we obtain some apriory estimates which should be satisfied by any solution
of the Euler-Lagrange equations and the natural boundary conditions associated with (1.1).
Thus, (¢, A) must satisfy the equations

(bvsa)v=va-pr | (3.1a)

—VxVxA= VY — V) + [YPA (3.1b)

?
oy
together with the boundary conditions

<3V+A)¢-ﬁ:0 . h—=h,, . (3.1¢,d)
K

Since (3.1) are invariant to the gauge transformation (1.2) we fix the Coulomb gauge for A,
ie.,

V-A=0inQ ; (A—A)-72=00n0dN (3.2)

where A is given by (2.2).
The first apriory estimates include the following well-known results:

Lemma 3.1 Let he, > k — o(k). Then, any solution of (3.1) must satisfy

[pllL(@) <1 (3.3a)

1h = hexlloriay) < C (3.3b)

H (iv + A) " <C. (3.3¢)
. L=(Q)

Here and in the sequel, C' is independent of x and €. Proof: See [17, 24].
Let now € = (1 — hep/k)Y? be positive and satisfy

P < e (3.4)

log k'’

as k — 00. In this case, according to the following result, every solution must be close to
the normal state v =0 h = he,:

Lemma 3.2 Let || = p. Any solution of (3.1) must satisfy

/ pt < Ce! (3.5a)
Q

/ h— heol? < O (3.5b)
Q



Furthermore, let A : Q — R? satisfy (3.2) and

Vx A= hex.
Then,
1A = Al ooy < Clp)e®
1A = All 20y < C€
for any p > 1.
Proof: Let

1
f=h—r+—p.
2K

2+ 1 4
K — —
2/{ p?

In [5] it was shown that

va—pr:n‘j

(3.5¢)

(3.5d)
(3.5e)

(3.6)

(3.7)

The precise definition of J will not concern us. We shall be interested only in its following

property

~|2 9
[ 2 =19,

which is proved in [5].
Integrating (3.7) over 2 yields

I

Since by (3.3)

1 of 1 9 C
_ Z _ _ < =
we obtain , ”
/V_f +/p4§€+62/p2§€+062{/p4} :
al P Q K Q k Q

Using (3.4), (3.5a) easily follows. Furthermore,

/lefls {/pr/z /Q

\V4 — (hey — K)| < Cé€.
/Q| f|+/m|f (hew — )] <
8

1/2
< Cés.

V_fQ

p

Hence,

2
1 1
+/p4+_/p2(h_hea:)_€2/p2§_ a_f

Q Kk Ja Q K Joo ON

(3.8)

(3.9)



Poincare inequality [19] then yields,
\f = (hex — /i)|W1,1(Q) < Cé.

Consequently, by the Gagliardo-Nirenberg inequality we obtain that

J 17 = (e =P < 06,

from which (3.5b) readily follows. To prove (3.5¢) we utilize the well-known inequality

1A = Al < / IV x (A— A)f = / h— he (3.10)
Q Q

and Sobolev embedding. Finally, in order to prove (3.5d) we observe that by (3.1b)

[iwne< [ 7 (£V+A)¢

Multiplying (3.1a) by p*) and integrating by parts we obtain
/p2 (£V+A)¢ S/p4.
Q K Q

/ V2 < Ot
Q

Combining the above with (3.10) we obtain

2

2

Hence, by (3.5a)

1A = Al 20y < Ce2.
O

We next proceed to obtain some L estimates.

Lemma 3.3 Let Q)5 denote the domain
Qs ={xe€Q|d(x,00)>0d}.

and let o denote, here and in the sequel, any real number smaller than 1. Then,

[l ey ) < Ca€®”? (3.11a)

H (1 + A) (8 < Cpel? (3.11b)
v Loo(ﬂl/ne)

= heollie(@, ) < Coc® (3.110)

(3.11d)



Proof: Let x, denote a smooth cutoff function satisfying

0 |z|>r C 9 C
)= V.l <— [V, | < —=. 3.12
(@ {1 oL s T Vs (.12
Let zo € Q.. We multiply (3.7) by x1/xe(x — x0) and integrate by parts to obtain

Vf
—/ Vx-Vf- XpQ(h—ﬁ)Zﬁ/ x’—
B B1 B P

1
€R

2
+H/ xp', (3.13)
B

1
€x

where B, = B(zg,r). For the first integral on the right hand side of (3.13) we have

1/2 oIt 1/2
/w«wg[/ IVX!2p2] [/ vi
B B B, | P
1/4 97 1/2
< ca [ / p4] [ / vf
B, B, | P

For the second integral we have, utilizing (3.3b)

1/2 | 1/2
/ sz(h—/f) S/ p2|h_h6w|+/ p2|hex_"<“| < Ce / p4 +C— / /04
B Bi B B R /B
Let
1/2 REE
Bgnfl Banl p
Then, by (3.13) we have
2 2 €2 1 ¢*
Xy +Yy <C [WXI Y, + ;Xl} . (3.14)
Since,
VI |V 2 : ?
v/ <2|— +—2|Vp|2:2‘(£V+A)1/) ,
p p K K
we have by (3.3)
C
X3+YE< o2

Since xg was arbitrarily chosen, we can cover By, by a finite number of discs of radius

1/(2¢ek). Consequently,

C
X24yri< —.
1 1_€:‘€2
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Substituting in (3.14) yields
C
2 2
Xy +Yy < SRR

The above procedure can recursively be applied to obtain

Cpe2on
X+ = —5—,

where a,, can be determined by the recurrence relation

1+3 1
Qp ==+ —-Qp_1 ; Qg=—=.
4 Tyt 0 9

Clearly, o, — 1, and hence, we can conclude that

2c
/B ph < Oa;—Q Vo < 1. (3.15)
1

€R

We now apply the transformation
r — k(x — x0)

to (3.1a) in B(xg, 1/k) to obtain
, 2
(év n [1) b= (1 . |1/?|2) in B(0,1)

where ¥ (z) = ¢(k(x — x0)), A(k(x — o). Standard elliptic estimates [3], together with
(1.2), then show that

[Pl 50,11 < CllYllzeson = Callllzpeom < Ca72 U Liseoym)-

Wherein
lullfz,, @) = / u® + |6V + A)ul? + |(iV + A)*ul”
U
Since )
6 o
||¢||i4[3($071//§)] < /B pt < Ca? Va <1, (3.16)
1

€R

(which is a rather crude estimate, but appears to be difficult to improve) (3.11a) follows
immediately from Sobolev embedding. To prove (3.11b) we use bootstrapping and Sobolev
embedding. Finally, to prove (3.11c) we notice that by (3.1b)

\vms/)\(%m)w'.

11



Consequently, by (3.11a), (3.11b), (3.3b), and (3.1d) we have
|h — hex| < Cue® + g
Ke

g

We note, once again, that (3.11) is not the optimal estimate. Ideally, one should obtain

< (e,
LOO(QI/NE)

[¥llmao + | (£ +4) 0

however, in view of the crudeness of (3.16), (3.11) is the best we can obtain here.
Let R(e, k) C €2 denote a rectangle whose sides length are given by

wlN 2
L, = i Lo =
! NI 2T W ez ks

where w € R, and N € N are chosen such that

: (3.17)

Ly 1
<D< — < (L)<
7’1_L2_7”2 ; ﬁ€5<<(12) <1l

where 71 and ry are constant as kK — 0o and € — 0 according to (3.4). Denote by z; and
Zo the coordinates in the respective directions of L, and Ls. Let R denote the image of R
under the transformation

T — \/ hez K. (3.18)

Let Px denote the restriction of (2.7a) to H'(R) and Pr denote its image under the inverse
of (3.18), i.e, the restriction to H*(R) of

w(zy + Ly, x0) = exp{ jwN A/ exm:Q} u(zy, ) ace.

w(zy, xe + Lo) = u(xy, z2) a.e.

(AS Hlloc(RQ)
Let n denote a smooth cutoff function satisfying

1 d(z,0R
n= {0 <E R? i s K|Vl < Cre  |V2n] < Cr2€2. (3.19)

Let (1, A,) denote the global minimizer (which depends on € as well) of (1.1) in H. (To keep
the notation consistent with the one in the next section, we state the rest of the results in
this section for the global minimizer, although they could have been stated for any solution
of (3.1).) Clearly, m), € Pr. Let Ur denote the restriction of (2.7b) to H*(R). Let Ug
denote its image under the inverse of (3.18), i.e

=}

/R(N+A)u-( iV+A)é=

12

{UEPR




From the results of § 2 it follows that Ug is a finite dimensional subspace of Pg. Fur-
thermore, we can now write
N = ug + U (3.20)

where 1y € Ur and @ € Uz. The next lemma estimates the L?(R) of 4.

Lemma 3.4 Let @ be defined by (3.20). Then,
[lip<ce [+t e. (3.21)
R R

Proof: We first multiply (3.1a) by 7%, and integrate over R to obtain

J

We now write

I

2
— i 2 2 2 201 2
= HQ/R|W| [l +/R77 (1= ). (3.22)

(%v T AH) ()

2 2
I,

2 o A . 1 7 - n 2 . 2 2 A2
b [P L0009+l A - [Pl AR e

(%V + AK) (M)

(29 +4)

For the second integral on the right-hand-side of (3.23) we have

Iy = <

/R (A, — A). { (G — V) + mm]

7
o
1/2
< QHQAH_A2:|
_[/Rnwu | [/R

By (3.22) and Hélder inequality we thus have,

2] 1/2

N 1_ 1 ~
]2 S CHAK] - A||L4(R)||¢n||L4(R)”¢5”L2(R) S Cp(L1L2)2 ap ||AH - A||L4P(R)||¢H||%4(R) Vp > 1

Since by (3.5¢)

(%v T AH) ()

| As — Allogry < [|Ax = All o) < C€°,

we obtain
Iy < Co(Ly L)% VYa < 1. (3.24)

For the last integral on the right-hand-side of (3.23) we have

/RHQIWQMH — AP < 1A = Alfsr 19allZary < CalLiLa)e®. (3.25)
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Consequently, by (3.23), (3.24), and (3.25),

J N

Combining the above with (3.22) and (3.20) we obtain
i\ ) 1 .
Jl(Ewa)al = [iaes [ =g [ oo+ [ ub v omzre).
RI\F R R k™ JRr R

(3.27)

By (2.9), however,

: 2
- h
/ (1V+A)a >3 x/ a2
RI\F ko JR
Consequently,

) 1 X
/|u|2+/n2|wﬂ|4§ —2/ |vn|2|¢42+e2/ ol + Co(InLa)®e® . (3.28)
R R R* JRr R

2

+ O((L1Ly)¥€). (3.26)

(%V + AH) ()

(29 -+4)

2

In view of (3.19) we obtain

1
S [t <ce [ .
R R

and since |ug||2(ry < ||%k||L2(r) , We can combine the above with (3.27) to obtain (3.21).
U

We note that the error term in (3.21) is indeed small compared with the first term on the
right-hand-side of (3.21), when « is sufficiently close to 1. We shall demonstrate this point
later when we obtain a lower bound for |[¢),||z2(r) at the end of §4.

Lemma (3.4) basically shows that 1), is indeed close, in L?(R) sense to ug. However, in
order to obtain a minimization problem for uy we need an estimate of (1.1). To this end, we
need the following L>° estimate

Lemma 3.5 Let @ be defined in (3.20). Then,

@]l poe(ry < Cae® (3.29a)

H<3V+A) i
K

Proof: Since the proof is rather lengthy we divide it into several steps.

< Ce” (3.29b)
Lo (R)

step 1: Let x, be given by (3.12), and let zy € R/ (see lemma 3.3 for the definition of

Rs). Clearly, Xl/g,%(:c — Zo)¥x € Pr. Denote by ug]) and @ the respective projection
of X1/2ne(z — To)1h, on U and Us.

14



stepl.1: Prove that
2a
/ @02 < C (3.30)
R K
To prove (3.30) we repeat the same steps leading to (3.28) to obtain

~ 1 Ca
/ GO 4 / el < = / VX Pul? + € / [ug”|* + a5
R R K R R K="€

(where x stands for X1 /axc( — 9)). Consequently, in view of (3.12), (3.17), and (3.15)

we have c -
102 < o 2/ 24 @S €
U € € —.
e < by e S

IA

step 1.2: Prove that

@] oo () < Coe” (3.31a)

Ly A)ao
K
(0)

We use standard elliptic estimates to prove (3.31). Since 4(*) = v, — u;” we have in
view of (3.1a)

< Clpe®. (3.31b)

L>(R)

. 2
? 1 ~ hex ~ 1 ~
<Ev + A> 'LL(O) — 771(0) = GQXT/JH - X‘wn‘an - ?anQX - |AI€ - A’2X¢n+

+2A, — A)- (%v + AH) (xthe) + zévx - <£v + AK> ve (3.32)

Furthermore since, u(®) € Pg, we can extend it periodically to R? i.e.,

N . .
exp {—z’w - xg} O (zy + Ly, 9) = u®(xy, 09 + Ly) = v (21, 25) . (3.33)
€$K;

The periodic extension of u(©) satisfies (3.32) for every x € R? if the right hand side of
it is extended in exactly the same manner.

Applying (3.18) to (3.32) we obtain

A\2 ~ ~ ~ ~ ~ -~ ~ A ~
(iV +waiz) @0 —0 = X e 20— VA= (1) 2 Aot

2((1=) V2 A (iV + (1= )72 AL) (Do) +20Vx (19 + (1 = )14, 4,
(3.34)
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where (1), A,.) denote (¢, A,) in the stretched coordinates (3.18). To apply standard
elliptic estimates we need an L? estimate of the right-hand-side of (3.34) in B(z,1) for
every € R?. By (3.11a) and (3.15) we have that

/ Xlen]® < Ca® Vo<1,
B(z,1)
and by (3.12) and (3.11a)

/ IMV&PSO&/ |1he | < Cpe®™.
B(z,1)

B(z,1)

In view of (3.5d) and (3.11) we also have
/ (1= ) 7V2A, —2io|* - |(iV + (1 — €2)71/2A,) zpﬁf < Ceé.
B(z,1)
Furthermore,
/ VX |V + (1 — %) 7H2A,) ¢H|2 < Ce*.
B(z,1)

Finally,
/ (1= Y24, — 2ol < Cac®
B(z,1)

Combining the above and (3.30), we may rely on the framework in [3] to obtain
||71(0)||H2(B(m,1) < Cpe™ Va< 1.

Sobolev embedding then yields (3.31a). Bootstrapping and Sobolev embedding (3.31b).

Step 2: Prove (3.29).

We first note that (3.29) and (3.31) are different: while @ is the projection of 1, on
Uz, @9 is the projection of x1,, on the same space. To obtain (3.29) we thus need to
relate y and 7. Let then {z;}¥, denote a set of points in R satisfying

M
1. RI/HE C U B (xiu i)
i=1
2. B (v, =) N B (2, =) =0 if i # .
Let {x;}}, denote a set of C* functions satisfying

L. supp x; C B (z;, =)
2. M i =1, Y2 € Ryjpe.
3. [Vl < € |V2x| < %

16



step

Let
M
=3 (3.35)
i=1

Clearly n satisfies (3.19) and hence, we may use it in (3.20) to define uo and @. Fur-
thermore, let @) denote the projection of ;. on Ux. Then,

M
a=>y a?
=1
Furthermore,
M
jal <y lat], (3.36a)
i=1
i <NVE
—+A)a < —+A)a? 3.36b
(e 4) = x| 4)s )
Since M is a large number, we seek an estimate for @V when |x — x;| > 2/ke.
2.1: Prove that
1 ()] < Cue*®N e | B 20) — 3.37
|a' (z)] < Cyue exp 7 teatt (2, ;) P (3.37a)
4 +A)a"(z)| < CNexp —1/{2 d(z, 7)) — = (3.37b)
K - 4 PRIV K2¢e2
where
dy(z,2;) = min |z —x; — (kLy,jLo)| (3.37¢)
jk=—1,0,1
Since u(()i) = —a® for every x € R\ B(z;, 1/ke) we prove (3.37) for u(()i). Recall from
(2.5) that
N1
u) =" Cofulz)
n=0
where f,, is given by
fn _ Z ei(n+7“N)w heznxg67%[\/heznx17(n+rN)w}2 ) (338)

r=—00

Since ug) is the projection of y;1, on Ur we have

Rz i —
Cn - (271—)3/2 /RXZ¢fn

17




Let

~ hegkw [F2 .
¢: — ex e—zwn\/hexmcz Xz¢dx2 )
2T 0

Let x; = (w1, x;2). Then, since wr(:vl is supported in (z;; — 1/ke, ;1 + 1/ke) we have

11_7

le e
RN o N

By (3.11) and (3.12) we have that

. 1
7] < e/ Va <1,
kel

€Lo

(recall that Ly > 1/ke). Thus

C, < Cye® \/ ez Z / e %[\/M(mfxn)f(nJrrN)w}zdxl

r=—00

dp1 (21, ) = kmlf% |21 —y — kL]

Then,
1
C, < Coe®’?exp{d —=heyk le,nw/\/ cxk) )
2 62H2

By (3.38) we have the estimate

|fn(x)| S CeXP {_%hex/{'d?ﬂ (Qﬁ,’ﬂw/ V hexli>} .

Consequently,

(3.39)

(3.40)

N—-1
; 1
|ué)(x)|§0ae“/zz{_§hex“ [dil(www/vw)wi (@i, /v heak) — n}}

n=0

Since

dﬁl(xl,xﬂ) < Z[df)l (xl,nw/\/hw/f) + df,l (xil,nw/\/hw/ﬁ)} ,

we have that

i o 1 92
|Ué)<l')| S Ooée /2N {_Zhem/{ |:d]271 (xlaxil) - _:|} .

€2K?
To prove that ugi) decays in the zy direction we note that
(Z) —thexkT1T2 (z)

18
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satisfy the problem

. N\ 2 . .
(ﬁv - hexxﬂi) wy) = berf)
U)(()Z:)(xl + Ly, xa) = wy (21, 22)
w(()z)(l'l,l'g + LQ) = ( )(

Consequently, w((]i) must decay in the x5 direction according to (3.41). We thus obtain

, 1 2
[y (@)] < Cae®/?N {—Zhem [dfn (w2, w2) - —] } - (342)

€2K2

Combining (3.42) and (3.41) yields (3.37a), from which one can easily prove (3.37b)
using standard elliptic estimates.

Step 2.2: Prove (3.29).
Substituting (3.31) and (3.37) into (3.36) we obtain

1

[a(x)] < C, [ea + Ne_?z} :

Since L1 Ly < || we have
N < Ceé?k2.

Consequently, in view of (3.4) (3.29) is proved.

0

4 Upper and lower bounds

All the results of the previous section could have been formulated for any solution of the
Euler-Lagrange equations. In this section we concentrate, however, on the energy functional

2) . (4.1)

We obtain estimates for it in terms of the reduced functional Jg which appears in theorem
1.1. We start by proving the following upper bound

4 .
ER(¢7A> - /R <_|¢|2 + % + |h - hex|2 + ‘évw + Alb

Lemma 4.1 Let n be defined by (3.35), and let ug and @ be defined by (3.20). Then, for all
v € UR

L (LyLo)*?
K

ER(nw/wA/i) S jR(U) + ana_ (42&)
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where

1
= —62/ |v|2+—/ s (4.2b)
R 2 Jr

/!u\‘* <c 8&/ ol* + Ci { (L1L2)1/2 +(LyLa)® 7&1 | (4.3)

Proof: Following [24], let 77 denote a smooth cutoff function satisfying

Furthermore,

1 z€eR
=40 x€ A \Vij| < Cre |V%i| < Cr?é*. (4.4)
1 z€Q\Rd(z,0R) > 2

Where . K
Ak:{er\R|—<d(x 8R)§—}

K€
Let further

b= P d(z,0R) < 3= orxzeR (4.5)
Y. d(z,0R) > 52 andz € Q\ R '

where v? denotes a periodic extension, according to (3.33), of some v € Ug, and A satisfies

A:{A r € RUA; (4.5b)
A, d(z,0R)> 2 andz € Q\R,
and,

IV 5 A = heg | ooy < C€. (4.5¢)
(cf. [24])

In view of the above, since (¢, A,) is the minimizer of E in H we have

E(h, A) > E(i), Ay) .
Consequently,

0< E 77/) A ¢m n) ER(U7A) - ER(wmAH)—i_
. 2

V+A> ‘(évwlﬁ) ¥
w3 [ [t =] = [ [19P -] @)

20

+/ IV X A= hey|® = |V X Ay — heo|
A

1
K



where

A=A1UAUA;3
By (4.5) and (3.11) we have

(L1L2)1/2
KRE

/|V><A—he$|2§0ae4a Va <1
A

Moreover, by (4.4) and (3.11) we have
i N AP/
[(Gvra)i| -|(Lv+a)w
As K Y

To estimate the effect of
2 i
- ’ (—V + An) 77b/4
K

/ (3v + [1) 0
A | \R
/ lv|* < €*LiLsy,
R

we choose first v € Ui such that
/ |’U‘2 < €2L1L2
R

2

? a1 (L1Lo)'?

2
<c €a_1(L1L2)1/2

K

which yields

In this case
1 ~\ i 2\ L
/ (—V + A) noP (—V + A) noP
Ay K K

—/ (£V+A)Up
rI\K

v = 0P (xy + 1y, 20 + 1),
where 0 < [; < L; and 0 <[y, < Ly. Clearly,

/R(/ |vl|2> dl dl2_|A|/|v|2

LL
f p2 2< 1 2
hlz?eR/|”’ |R|/| v[T < Ce

2
/RUA1

2

Let

Consequently,

(4.7)

= [ e s [ e
Ay Aq

Denote by (1, lom) the values of I3 and Il which minimize the LQ(A) norm of v} and let

Um = VP (21 + Ly, T2 + lom) -
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If we choose vP = v, in (4.5a) we obtain

/A (%V + A) v

Combining the above with (4.8) we obtain

/A <£v+21)¢3

Combining (4.6), (4.7), (4.9), and (4.10) we obtain

2
< CEL1L2 .

2 (L1L2)1/2

< Cpe™? (4.10)

K

(L1L2)1/2
K

Er(the, Ax) < Eg(vp, A) + Cpe®? Va < 1.

Since X
ER(Uma A) = jR('Um) = jR(U) )
(4.2) is proved as long as (4.9) holds. To prove (4.2) for any v € Ur, we write

1
Tnlre) = =e2 [ o+ 30t [ o
R R

It is easy to show that for a given v € Ug, Jr(yv) is minimal for

2 sz‘Ulz
o fR|U|4

/ywy4:8/ lwl|?, (4.11)
R R

Let w = ~yv. Then,

and hence
/ |U}|2 S €2L1L2 .
R
Consequently,
L. L 1/2 I L 1/2
Er(tn, Ax) < Tr(w) + caeal% < Jr(v) +C L) Ty
which proves (4.2).
Let 1 be given by (3.35). It is easy to show that
I L 1/2
En(e, A2) < Bali, A) + Coer P (1.12)
By (3.26), (3.20), and (2.9) we obtain
Pl ) = =¢ [ w45 [ o+ [ i = Collatare. @13
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Combining the above and (4.2) with v = ug we obtain that

ik <5 [ e e <”“W2<mbwﬂ.

By (3.29) we then have

1/2
/yu|4<c ; /|u0\ LG, l (LIL” <L1L2>ae7a} |

g

Using (4.3) we can obtain a lower bound for Er(t),, A,) in terms of the reduced functional

JIr-
Lemma 4.2 Let n be given by (3.35) and ug be given by (3.20). Then,

L (L1Ly)'?

+ (L1 Ly)*€ (4.14)
K

%WWMZ$m04%F

for all a < 1.

Proof: By (4.12) and (4.13) we have that

L. L 1/2
En( 40 2 =€ [P 5 [ ot = Callata)e - Coet B )
for all o < 1.
Since,

0 el > Juol* — 4uol?lal

we have by (4.3) and Holder inequality that

L+ L 1/2
/774|¢F~|42/|U0|4[1—Oa€a/2]—0a [(L1Lz)ae5+ea—1%]
R R

By (4.3) we also have that

1/4

UR|UO|4F/4. (4.16)

luollzary < [Imellzary + |0l Lary < |n¥xllnar)+
1/4

HUOHL‘l(R) . (417)

L. L 1/2
+ Ca |:€Oé/2 + (Lng)a€5 + Ea_lﬁ}
K

To estimate |lug||r1(r), we thus need an estimate for ||n¢y||Lar). By (3.28), (3.35), and
(2.9) we have that

I+ L 1/2
[t < [ [y ¢ e ]
R R

23



(recall that ||uol|r2(ry < |7kl 2(r))- Consequently,

(L1L2)1/2

/ 774|¢n|4 < 64L1L2 + Oa (Lng)a€5 + Ga_l -
R

We note that by (3.17) the first term on the right-hand-side of the above inequality is much
greater than the second one if « is sufficiently close to 1, such that

(Lng)lia > €.

Consequently
/ ’77¢n|4 S 264L1L2a
R

and hence, by (4.17) we obtain
/ luo|* < 2€*Li L, .
R

Substituting in (4.16) and then in (4.15) we obtain (4.14).
U
Proof of theorem 1.1: Combining (4.2) and (4.14) we obtain

(L Lo)?
K

jR(UQ> S JR(U) + Oa €a -+ (Lng)a€5 (418)

To prove (1.4a) we thus need an estimate for inf, ey, Jr(v). Let

4
B = inf B(v) = LiLy inf fR—MQ (4.19)
vEUR vEUR (fR |/U‘2)

Since Ug is finite-dimensional, it is easy to show that there exists w € Ug satisfying

/R!w!4 = (L1 Ly (/R |w|2>2 . (4.20)

Furthermore, since (8 is invariant to the transformation w — ~yw for every v € R we can
choose w such that (4.11) is satisfied. Combining (4.11) and (4.20) we obtain

/ lw|? = ol
R 3

1 L L
jR('w) = —562/1%"(142 = —6421—’; .

24
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In [2, 10, 4] B(v) was calculated in various cases. In particular, it was found that when v is
the well-known square lattice, i.e, when

N-1

v=C> fa,

n=0
where f,, is given by (2.5b), that
B(v) ~ 1.18
independently of N and the scale of R. It follows therefore, in view of (4.19) that
inf Jr(v) < —Ce'LiLy, (4.21)

vEUR

where C' > 0. Substituting (4.21) into (4.18) we obtain (1.4b).
To prove (1.4a) we write

[P <] [ -1+ [ ]

The right-hand-side of the above inequality can be bounded utilizing (3.21) and (3.19) to

obtain
(Lng) 1/2

= (4.22)

/ |9 — uol? < Cez/ [uo|? + Co(LyLg)¥€® 4 Cre®™?
R R

Since [|uol|z2(r) < ||Vl L2(r) We need a lower bound for ||uo||z2(r) to complete the proof of
(1.4a). To this end we use (1.4b) and (4.21) to obtain

g

2L1L2 ||UOH%’2(R) - 62””0”%2(]3) S jR(Uo) S —O€4L1L27

from which we obtain
HUOH%%R) > Ce’LyiLs .

Substituting in (4.22) proves (1.4a).
U

5 Conclusion

Let R(k,€) = [0, L] x [0, L], where L; and Lo are given by (3.17). In the previous sections
the following main results were proved:

1. We proved that the L?(R) distance of v, from the space of Abrikosov solutions in R,
Ur is much smaller than the L?(R) norm of 1.

2. We proved that the energy, which is given by (1.4d), of the projection of ni, on Ug,
where 7 is given by (3.35), is approximately the minimum over all Up of (1.4d).
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We note that the above results do not show that 1, is nearly periodic, inasmuch as ev-
ery function in L?(R) can be approximated by a periodic function. Nevertheless, since the
energy of the above projection is close to the minimum of Jxr over Ui, we can obtain an
approximation of 1, by studying a much simpler minimization problem than the minimiza-
tion of (1.1) in H. It is widely believed that the minimizer of Jg in Ug (which is a finite
dimensional space), is the well-known triangular lattice [2, 10, 4], as long as N, in (3.17),
is even. If in addition to that, any u € Ur whose energy is close to the minimum must be
close, in some sense to the triangular lattice, then 1, is indeed nearly periodic.

It is seems worthwhile to note here that the direction of the lattice cannot be determined
by the energy considerations applied in the previous sections. Thus if

o) = w(Qe) A =@,

where () is a 2 X 2 rotation matrix, then, since the cells affected by the rotation are only
those near the boundary, we have that

~ A

L. L 1/2
B, A) — Eg(uo, A)‘ <ol2) ™

K
Clearly, the above error is indistinguishable by the lower and upper bounds, (4.14) and (4.2),
obtained in §4.

Finally, we note that the limitations (3.4) could have been replaced by the weaker as-
sumptions

1 1
- <K 64 3 (L1L2)1/2 > )
R K€

if only we could overcome the crudeness of the estimate (3.16). However, to extend the
analysis to the case ¢! ~ O(1/k), a completely different approach is necessary, since in that
case the surface energy, which is of O(1/k) is at least equally important to Er which is of
O(€4L1L2>.
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