SUPERCONDUCTIVITY NEAR THE NORMAL STATE IN A HALF-PLANE
UNDER THE ACTION OF A PERPENDICULAR ELECTRIC CURRENT
AND AN INDUCED MAGNETIC FIELD
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ABSTRACT. We consider the linearization of the time-dependent Ginzburg-Landau system near
the normal state. We assume that a constant magnetic field and an electric current are applied
through the sample, which captures half of the plane, inducing thereby, a linearly varying
magnetic field. In the limit of small normal conductivity we prove that if the electric current is
lower than some critical value, the normal state loses its stability. For currents stronger than
this critical value, the normal state is stable. To obtain this stability result we analyze both
the spectrum and the pseudo-spectrum of the linearized operator. The critical current tends, in
this small conductivity limit, to another critical current which had been obtained for a reduced
model which neglects magnetic field effects.
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1. INTRODUCTION

Consider a superconductor placed at a temperature lower than the critical one. If an electric
current is applied through the sample it will induce a magnetic field, and as is well-understood
from numerous experimental observations [22], a sufficiently strong current will force the super-
conductor to arrive at the normal state. If the current is then lowered, the normal state would
lose stability and the sample would become superconducting again. In addition to experimental
observations a similar pattern of behaviour has also been obtained theoretically by analyzing
the stability of the normal state for the time dependent Ginzburg-Landau system, but with the
induced magnetic field neglected [14, 3].
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In a recent contribution [4] we analyzed the stability of the normal state in the presence of
an electric current which induces a magnetic field, but in the absence of a boundary. We offered
an analysis of a two-dimensional setting, i.e, in R?, which is the simplest case where one can
consider the effect of a magnetic field induced by a current, with boundary effects ignored. We
found in [4] that the normal state is always stable, irrespectively of current intensity. This result
is in line with those obtained for a reduced model where the magnetic field has been neglected
(14, 3] .

In the present contribution we introduce the effect of the boundary of the sample. With
magnetic field neglected this effect has been analyzed by considering a one-dimensional problem
on the half-line Ry = {# € R : z > 0} with a Dirichlet boundary condition at = 0, which
stands for a normal/superconducting interface [14, 3]. Due to this effect the normal state loses
its stability when the current is weaker than a certain critical value. It has been proved in [3]
that the critical current for a large bounded three-dimensional domain is bounded from above
by the one-dimensional value. Furthermore, for a current below the critical one, a short-time
instability was proven [3] (the question whether the normal state is unstable for such domains
and currents is still open).

We expect the boundary effect on the stability of the normal state in the presence of an
induced magnetic field, to be similar to their effect in the absence of magnetic fields [14, 3].
To examine the boundary’s impact, we consider here a problem in the half-plane Ri. If our
expectation is correct, then in a similar fashion to [14, 3] the normal state would lose its stability
for currents lower than some critical value, which we obtain here in the limit of small normal
conductivity.

Assuming that a magnetic field described by H€ is perpendicularly applied to the sample, the
time-dependent Ginzburg-Landau system can be written as follows (see for instance [5, 6, 9, 10,
14, 21, 23)):

oY +ik®Y = V2 y b + k21 — \qp\?)_w in (0,7) x RZ,
k2curl?A + 0(A + V®) = kIm (PV,a10) + k2curlH®  in (0,T) x R2, (1.1)
=0, —5 92— on ORZ

where v is the order parameter, A is the magnetic potential, ® is the electric potential, the
Ginzburg-Landau parameter of the superconductor is denoted by &, the normal conductivity of
the sample is denoted by o, the magnitude of the dimensionless electric current is denoted by
J, and the applied magnetic field is denoted by H€¢. In (1.1) we use the notation

Viad = Vi —ikAsp,  Viah =AY —i[2A - Vi +1pdiv A] — |A[%,
where ¢ = v/—1. The half-plane Ri is defined in the following manner
R = {(z,y) € R? : y > 0}.

The triplet (¢, A, ®) should also satisfy an initial condition at ¢t = 0.

A solution (i, A, ®) to (1.1) is called a normal state solution if ¢» = 0. From (1.1) we see
that if (0, A, ®) is a time-independent normal state solution then (A, ®) satisfies the following
equation

kZcurl?A + oV = kcwrlH®  in RZ. (1.2)

By taking the divergence of (1.2) we obtain

_ : 2
{Aq>_o in R2, 13)

09 _ _K2J 2
% =%  onoRi.
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Since we expect solutions of (1.3) to represent the electric potential at the normal state near
the boundary of a large bounded domain, we look for solutions with bounded gradient (or
V® € L*(R%)). Assuming that the current is of constant magnitude J along OR?, and that its
direction is always perpendicular to it, we obtain that the unique solution to (1.3) which obeys
these assumptions is given, up to an additive constant, by
k2 J
¢ = Y- (1.4)
Assuming further that the applied magnetic field is, like the current, of constant magnitude

as well, we obtain

H® = hi,,
throughout the entire sample. Here i;,i, and i, denote the canonical basis in R3. Hence,
we consider an applied magnetic field which is perpendicular to the sample and parallel to its
surface. Under these additional assumptions, equation (1.2) admits the following solution
1
2J
For the above A and @, (0, A, ®) is a normal state solution of (1.1). Note that the magnetic
field

A= _—(Jz+h)%,. (1.5)

H = curlA = (Jz + h)i,,
is the sum of the constant applied magnetic field hi, and a linear term Jzi, induced by the
electric current.
The linearization of (1.1) near the normal state solution (0, A, ®) obtained above yields a
linear equation

O + "V = A — B(Jz + h)?0y0 — (£5)°(Jz + )" + k% in (0,T) x R2, 16)
=0 on 8]1%1. .
Applying the transformation
h
(taxvy) - (t,f[) - j>y)
we obtain
o + @w = Ay —ikJz2O) — ((%J)Z{LA — /12>¢ in (0,7) x Ri, (17)
=0 on 8R3_. .

In the present contribution we analyze the asymptotic behavior of the solutions of (1.7) for
large t. We assume J > 0 in the sequel. Otherwise we may either consider the complex conjugate
of (1.7) or apply the transformation y — —y. Hence, we can rescale t, z, and y by applying

t— (k1P (@,y) = () (,y), (1.8)
yielding
{&tu = —(Aoe —A)u in (0,T) x R?H (1.9)
u=20 on 6]&1, '
where Ay . is the differential operator defined by
Ao = D2+ (D, — %m2)2 +icy, (1.10)

with
D, = —i0,, Dy = —i0y, ceRy,
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and

;o2 4/3

_ K N _ —2/3 -1/3 -1/3
c= o’ >‘_>‘0— J2/3a U(t,LE,y) —7/)((”!]) t, (K‘]) L, (K‘]) y)

As the operator Ag . is defined on smooth functions only, it is necessary to extend its domain
to include also weakly differentiable functions. We use the Lax-Milgram theorem to this end.

Consider the sesquilinear form defined on V x V by

2 2 +00
(u,v) — a(u,v) = (Dyu, Dyv) + ((Dy — %)u, (Dy — %)v} + ic/ yuvdzdy,  (1.11)
0
where
V = Hy™8(R2,C) N LX(R2, C; y dady) (1.12)

and Hé’mag(Ri, C) is the closure of C2°(R?%, C) under the norm

2
T
ur— \/HUII2 1Dzl + [[(Dy — = )ul?.

Here and thereafter we use L*(R%) to denote the usual L? space of real-valued functions,
L2(R2+,(C) to denote the L? space of the complex-valued functions, and use Lz(]R%r;yda;dy)
and L?(R2,C;ydzdy) to denote the related spaces with measure ydzdy. We use || - || and (-, )
to denote the L? norm and L? inner product on Ri:

5 \1/2 -
Jull = lellzgeay = ( [ fafda) ™, ) = [ uide
R2 R2
T T
Denote further by ¢ the associated form
V3 ur— g(u) = alu,u).
Observing that, when ¢ # 0, there exists a > 0 such that
Gu) > allul|2, forallueV,
we use the Lax-Milgram theorem to extend Ay into the unbounded operator A} on L?(R%,C)
whose domain D(A/) is the set of the u € V such that the map
C2(R%,C) 3 v +— a(u,v)
extends as an anti-linear form on L?(R?, C), which we denote by (Afu, - ). Hence we have
DA ={ueV : Afue L*R%,C)},
and
a(u,v) = (Afu,v), Yue DA, YweV.
Once the definition of the extended operator AT has been formulated, we may write
1
Ar =D2+ (D, — 5952)2 +icy. (1.13)
Note that A is not self-adjoint but we have
(A" = AT,

In the present contribution we analyze the spectrum of AT, denoted by o(A}), and the
semi-group associated with A1, which we denote by exp(—tA7).
By the methods of [4], we can easily prove the following :
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Proposition 1.1. For any ¢ > 0, A} has a compact resolvent. Moreover, if Eo((3) denotes the
ground state energy of the anharmonic oscillator

d? x? 2
~w (3 -9)
and if
E} = inf E 1.14
0 = Inf Fo(5), (1.14)
then
o(AT) c{AeC,Re) > E}}. (1.15)

As mentioned earlier, our interest is in the effect that the Dirichlet boundary condition in
(1.9) has on the spectrum o(A7) and on the semigroup exp(—tA7F). Thus, it is interesting to
compare them with the analogous entities for the whole-plane problem. Recall that in [4] we
denoted by A the operator corresponding to the extension of Ag . from C°(R?,C) to its closure
under the associated graph norm.

Recall further, that for the whole plane problem the spectrum of A is invariant under trans-
lations in a direction parallel to the imaginary axis. This property, together with the fact that
the resolvent of A is compact, has the consequence that o(.A) must be empty and that the
decay of the semigroup exp(—t.A) is faster than any exponential rate. On the other hand, for
the half-plane problem discussed in the present paper, such an invariance principle doesn’t hold
for o(AF). Hence, we do not expect o(AF) to be empty. Instead, we expect that eigenvalues
of AT would exist, and that the system of corresponding eigenfunctions would be complete in
LQ(R?H C). We provide here a proof of the former statement in the asymptotic regime ¢ — +o00,
and leave the proof of the latter, as well as the discussion of the limit ¢ — 0, to future research.

The main results of this paper are the following:

Theorem 1.2. There exists cog > 0 such that if ¢ > ¢y then
o(A) £,

Furthermore, there exists u(c) € o(AF) which behaves according to the following expansion as

c — +00:
T
i—

3 Jap + A1 exp(—iz

() ~ /3 exp( Do), (1.16)

where —ayg is the rightmost zero point of the Airy’s function [1], and A1 is given by (4.13).
Finally, let

pm(c) = inf Rez. (1.17)
zeo(AD)
Then, for all ¢ > ¢y we have
fim(c) ~ Rep(c) + O(c™/6) (1.18)

The lower bound of (1.18) is obtained in Proposition 3.5, whereas the upper bound is proved
in Corollary 6.2.
The next result is valid for all ¢ > 0.

Theorem 1.3. If o(AF) # 0, then

_+ AT
L loglexp(—tA0)]|

Jm " = pm(c). (1.19)
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One can easily obtain from (1.16) and (1.18) the critical current J., for which the normal
state loses its stability in the case when the electric current is perpendicular to the surface and
the applied magnetic field is parallel to it. In fact for 0 < A < p,, the zero solution of (1.9) is
stable, whereas for A > p,, it is unstable, as is manifested by Proposition 7.1 (see also [3] for
the discussion of the case where the magnetic field is absent). From (1.16) and (1.18) we obtain
that

Je _ -3z _ [0 V3M ~3/2 ]’3/2
S = Chm = [ 5 + 5 + O(c79) . (1.20)
Note that the critical current is independent of the applied magnetic field H® = hi,, whose sole
effect is to translate the = coordinate by h/.J.
From (1.20) we see that for a large value of ¢

o ()

When neglecting the induced magnetic field the critical current can be evaluated for all ¢ > 0
(cf. [14, 3]). In this case we have

+ O(c*3/2)} . (1.21)

g

o 2
Consequently, one can persuasively argue that the simplified model, where the magnetic field
is neglected [14, 3, 18, 17, 19], can be obtained from the linearized Ginzburg-Landau system in
the limit ¢ — 4o0.

The above results significantly differ from those obtained previously for the problem in the
entire plane [4]. In the case of the half-plane the critical current is positive, meaning that the
normal state becomes unstable for sufficiently small currents. In contrast, for the entire plane
problem the normal state is stable for every non-zero current. This suggests that for a sample of
finite size, if the current is lowered below some critical value, then instability would be initiated
near the boundary. For the reduced model [14], where the magnetic field is neglected, it has
been demonstrated numerically for a one-dimensional setting, that the emerging superconducting
phase eventually captures the whole domain. The presence of a magnetic field, may however
have a stabilizing effect, and hence, one can expect a stable bifurcation of a thin surface layer
of superconducting material from the normal state.

In this paper we focus our attention on the Dirichlet boundary condition ¥ = 0 on BRi given
in (1.1) as it represents a normal/superconducting interface. Other boundary conditions such as
the Neumann condition ‘g—f = 0 on JR?, or the generalized Neumann condition (V—iA)y-v = 0,
are also of great interest to mathematicians and physicists.

As a final remark, note that the present contribution focuses on the special case where the
electric current is perpendicular to the surface and the applied magnetic field is parallel to it.
Though this case is encountered frequently in experiments, where the potential is often constant
on the surface, the more general case where the electric current and the applied magnetic field
are arbitrarily directed is also of significant interest.

The rest of this work is arranged as follows: In the next section we transform A} into a new
operator via analytic dilation and prove the relation between o(A7) and the spectrum of the
transformed operator. In §3 we outline the scheme of the proof of Theorem 1.2. In §4, we use
formal asymptotics to estimate the principal eigenvalue of AT and the corresponding eigenmode
(the approximate eigenmode is usually called quasimode in the literature). To bound the error
resulting from the approximation of the exact eigenmode by the quasimode, we prove in §5
some elliptic estimates. These estimates are used in §6 to complete the proof of Theorem 1.2.
Finally, in §7, we prove Theorem1.3.

Je ap1-3/2
3
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2. ANALYTIC DILATION

In this section, we assume ¢ # 0 and apply a technique inspired by the wisdom acquired
during the study of the resonances of some Schrodinger operators by Aguilar and Combes [2] or
Combes and Thomas [7] (see also Simon [20, p. 498-500] for a survey and Davies [8, Lemma 5]).

For technical reasons it is easier to consider, instead of A, the unitarily equivalent operator:

P = fmey/zA(femzy/2 = (D, +xy)* + D; +icy. (2.1)
Its associated sesquilinear form is given by
a(u,v) = (Dy + yz)u, (Dy + yz)v) + (Dyu, Dyo) + icly'?u, y*/?v),
whose domain is given by
V ={ue L*(R%,C) : (D, +yz)u e L*(R%,C),
Dyu € L*(R%,C), y"?u € L*(R%,C), u(-,0) = 0}.

The condition u(-,0) = 0 is to be understood in the sense of trace. Note that V C Hlloc(@, C),
hence every u € V has trace lying in Hlt/f (8]1%1, C). For later reference we note the obvious fact
that V is dense in L?(R%,C).
Let § € C. Using a variant of the argument in [2], we introduce the dilation operator
u—s (U(O)u)(z,y) = e 2 u(e’s, ey). (2.2)

Set then

Py :=UB)'PU®) = ¥ (D, + yx)? — e 85 +ice?y, (2.3)
with the associated sesquilinear form ag given by

(u,v) — ag(u,v) =e*((Dy + yx)u, (Dy + yz)v)

46 20,,1/2 1/2 (24)
+ e 9(Dyu, Dyv) +ice® (y?u, yHv) .

The domain of all sesquilinear forms ay is still given by V' x V independently of §. We denote
by gy the corresponding quadratic form :

qo(u) = ag(u, u).
Lemma 2.1. If 0 varies in R, then the spectrum of Py is independent of 6.

Proof. Since U(6) is unitary for all § € R, it follows from (2.3) that Py is unitarily equivalent
to P for all 8 € R. It follows that the spectrum of Py is independent of 6 if we restrict 6 to the
real line. 1

However, as we need to consider complex values of 6 in the sequel, we have to first establish
holomorphic dependence on # € C, in a sense to be made more precise (cf. [15]), of o(Py). To
this end we first prove the following lemma.
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Lemma 2.2. Let

T 0
Dy = =<1 —1}.
o={z€C 5 <Imz< 54
Then, the forms
— p20—im/4

(‘70 : 46, 0 D0> (25)

constitute a holomorphic family of type (a).

Proof. For the precise definition of a type (a) holomorphic family of forms the reader is referred
to [15, section VII.4.2]. To show that the forms (2.5) are of type (a), we have to show that, for
all 6 € Dy, the form gy given in (2.5) is sectorial and closed (see [15, p.310, 313]).

To show @ is sectorial, we need to estimate the size of the numerical range of the form gy,
namely the set

{z€C : JueV with |Ju|| =1 and z = gg(u)}. (2.6)
For every u € V we have
go(u) = € (|(Da + ya)ull® + iclly"*ul®) + e[| 9,ul®. (2.7)
Consequently, we obtain that
min{—4Im#,2Im 0} = a,, < arggp(u) < apr = max{—4Imé,2Imé + g}, (2.8)
and hence
| arg efzefiw/élqe(u)‘ < max{%, |6 Im 6 + %\} .
Since
T m
6lmé+—| < -, VOeD
|6Im 6 + 4| <3 € Dy,
we have

| arg do(u)| = | arg =2/ gy(u)| < g V6 € Dy,

from which sectoriality easily follows.

Finally, we need to verify that the form gy is closed. This is an immediate consequence of
(2.7), the completeness of the space H& ’mag(Ri, C), and the definition of closeness for sesquilin-
ear forms (cf. [15, Section VI.1.3]) . &

Remark 2.3. One can show that Py is a type B holomorphic family of operators (see [15, p.395]
for the definition) in the larger region

7r T
—— <Imb < —.
6< m <12

For the purpose of this work, it suffices to prove this property for every 6 € Dy, a fact which
follows immediately from Lemma 2.2 and [15, Theorem VII.4.2].

Using the same technique as in the proof of [4, Proposition 2.4], the resolvent of Py can be
shown to be compact for every 6 € Dy. Hence, we may use [15, Theorem VII.1.9] together with
the fact, proved in Lemma 2.1, that o(Py) is independent of 8 for § € R, to obtain the following:

Proposition 2.4. The spectrum of Py is independent of 0 in Dy.

As a corollary we get, by taking 6 = —i{5, the following:
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Corollary 2.5. The spectrum of A} satisfies:
+ . LAEYE
og(A7)Cc{AeC : ReX > 2\c| apt, (2.9)
where ag is the ground-state energy of the Dirichlet realization of the Airy operator
2
L=D,+y, (2.10)
on R,.

We recall that —qq is the rightmost zero point of the standard Airy function A;, and
Yo(y) = Ai(y — @) (2.11)

is the eigenfunction of the operator £ on R, with Dirichlet boundary condition at y = 0,
associated with the eigenvalue . More generally, if —ay € R_ (k € N) denotes the (k 4 1)’'th
zero of Airy’s function, then

Yr(y) = Ai(y — ax) (2.12)

is the eigenfunction of £ on Ry with Dirichlet boundary condition at y = 0, associated with «ay.

3. THE SCHEME OF THE PROOF OF THE MAIN RESULTS

In this section we outline the main steps of the proof of Theorem 1.2. Our goal is, thus, to
obtain an estimate, in the large ¢ limit, for the real part of the leftmost eigenvalue of AT in C.
An immediate corollary would then be that o(Al) # 0.

Instead of dealing with o (A7), it is more convenient to analyze the spectrum of the operator
Py which is given by (2.3), and is obtained from A} using analytic dilation. For

T
0=—i—.
12
we have
P_iz = e”/S(Dg +cy) + e O(D, + ay)?.
Special emphasis should be given to the fact that P_i% is not unitarily equivalent to AT. Hence,

analytic dilation facilitates the analysis of the spectrum of A}, but the decay of the associated
semi-group has to be obtained using a different approach. Since we consider large values of c it
is natural to introduce the small parameter

€= —.
C

We define another operator via the (real) dilation
(% €. €
B. := €3¢ /%U(~ In 5 "P_izU(~In ) (3.1)
where U is defined in (2.2). Explicitly we have
Be:=¢€(Dy + xy)2 + z(Dg +y). (3.2)
The domain of B, is
D(B) ={ueV: Bue L*(R%,C)},

where V is given by (1.12).

From the foregoing discussion it follows that o(A}) can easily be obtained from o(B.). In
fact, any property we prove for the latter, including the next proposition, can be translated into
a similar property of the former.
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Proposition 3.1. There exists ey > 0 such that for e € (0,¢€) we have o(Be) # 0. Furthermore,
there exists A\ € o(Be) such that

A —iag —eMr| < CE¥2 for all 0 < € < €, (3.3)

where —av is the rightmost zero point of the Airy’s function [1], and A\ is given by (4.13) in
Section 4.

The proof of the proposition is divided into four main steps.
Step 1.

The first step entails the construction of quasimodes. Note that for a self-adjoint operator,
a quasimode provides us with an upper bound for the bottom of the spectrum, via a varia-
tional principle, and hence the spectrum cannot be empty. For the non-self-adjoint operator
Be, we construct the quasimodes in the next section, where we also obtain a formal asymptotic
expansion, presented in Proposition 3.2, for the associated eigenvalue.

Denote by S(R?%) the space of the fast decay smooth functions defined on R (cf. [12] for the

precise definition), and by S (@, (C) the corresponding space of complex-valued functions.

Proposition 3.2. There exist u; (j = 0,1) in 8(@, C) N D(Be) with |Jugl| = 1 and Ay € R,
such that for

{usw(x,y) — uo(a,y) + cun (o), (34
Ve =10 + €A,
we have

(Be — 7e) uPP = Ef. (3.5)

with fe being uniformly bounded in (0, €p) for any norm on S(@, (C).
Proposition 3.2 is proved in Section 4.

Remark 3.3. To describe the topology in 8(@, C), it is sufficient to use the family of norms

F—m) = > le"o;0:f, (3.6)

p+q+r+s<k

for k € N. We use this definition in the sequel whenever a norm appears in our calculations,
except for the rare cases where the exact form of the norm should be introduced.

Step 2.
We next show the existence of p > 0 such that the circle

Cep={NET: A= =p?} (3.7)

does not intersect with the spectrum of B, for sufficiently small . Once this disjointedness is
established, we can define the associated projector :

i
= B.— M) "td. 3.8
o CW( ) (3.8)
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Step 3.
Then we show that the projector Il does not identically vanish. To this end it suffices to
show that
ITeulP? #£0 (3.9)
for the same ugP? given in (3.4).
To prove (3.9) we represent (3.5) in the form
€2 1

(Be = Nu?,

which leads to

. 2 .
1€ i
'B*)\_l app — Bf)\—l _ app
Z( € ) U )\_,76( € ) fe )\_’Yeue
Integrating the above identity with respect to A around Cc , in the positive direction we obtain
app _ app 1€ 1 -1
TT PP = 3PP + T (Be — A)" " fedA. (3.10)

It then remains to show that the right-hand-side of (3.10) does not identically vanish.
Step 4.

Using (3.10) we see that to prove (3.9), it is sufficient to uniformly control the L? norm of
(Be — A\)7Lf. for all X on the circle C ,. In fact we prove the following

Proposition 3.4. There exist positive constants p, C and ey and ko € N such that, for all
€€ (0,60, A€ Cep, and f € S(R?,_,(C) we have

1(Be = N7 I < Ce®Ppyy (), (3.11)
where py, is the norm defined in (3.6).

Proposition 3.4 will be proved at the end of Section 4.
We can then conclude from (3.10) and (3.11) the existence of positive constants C' and e,
such that, for any e € (0, €],
[T uPP|| > 1 — Ce'/?. (3.12)

Then for small € one can conclude (3.9) from (3.12).

To complete steps 2 and 4, we analyze the equation :
(Be—=MNw=f, (3.13)

with f € S(@, C) and w € D(B,). We perform this task in Section 5, where we derive various
estimates of the solution w of (3.13). In addition, we prove there the following result:

Proposition 3.5. Let
Dy ={A€C :0<ReX<eh —be¥? and 0 < Im A — ag < 3\e}. (3.14)
Then, there exist positive by and ey such that for all € € (0,€p) and b > by we have
Dy.No(Be) = 0.
Note that since
Im (Beu,u) = (Lu,u) > agllul|* and Re (Beu,u) >0,

it follows that
U(Be) C Sb,ev (3.15)
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where
Re\ > e\ — be’/2  and 0<ImX<ag+ 3Ae
Spe=3AeC or . (3.16)
ReA >0 and Im A > ag + 3)\e

The lower bound in (1.18) now immediately follows from (3.15) and (3.16).
Proposition 3.5 is proved in Section 6.

4. CONSTRUCTIONS OF QUASIMODES

The main result in this section is the following Proposition 4.1, which implies Proposition 3.2
in section 3.

Proposition 4.1. Let B, be the operator defined in (3.2). There exists a sequence

{u;(z,9)}/%5 € S(R2,C) N D(B,) (4.1)
with ||ugl|zz =1 and a sequence
{MhZcc
with ij‘H)\j being real for all 7 > 0 and
Ao = iag, (4.2)

where g is the lowest eigenvalue of the Airy operator L defined in (2.10) in Ry with homogeneous
Dirichlet condition at y = 0, such that

(X)) ~ (o) (Leuten) )
j=0 Jj=0 Jj=0

in the sense of formal expansions in €.

Remark 4.2. We note that if € had been purely imaginary, then (4.3) would have implied by the

spectral theorem the existence of an eigenvalue \(€) admitting the complete asymptotic expansion
+00

Ae) ~ Zej/\j .

=0
Since our interest is in the non-self-adjoint case where € is real, a more complicated approach
has to be adopted in order to prove the existence of an eigenvalue of Be.

Proof. 1t is sufficient to show how one can obtain u; and \; for j < 2. Higher order terms can
similarly be obtained. We first derive the O(e’) balance from (4.3) for every j > 0. Suppose
that the sequence in (4.1) satisfies (4.3) in the sense of formal expansions in e. Balancing the
coefficients of €/ in each side of (4.3) we obtain

i(D3 + y)uo = Moo,
Z(D; +y)uj + (Dy + 2y)?ujq = Z AU, J > 1. (4.4)
l+m=j
Step 1. The O(€%) balance gives :
(Z(DZ +y) — )\0) up(z,y) =0. (4.5)

It follows immediately that A\g = iay, in accordance with (4.2). Furthermore, it follows that ug
must be in the form

ug(w,y) = ¢o(x)vo(y) , (4.6)
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where 1(y) is the L?-normalized (real-valued) first eigenfunction of the Airy operator £ =
Dg + y, defined in (2.10), in Ry with Dirichlet boundary at y = 0, associated with the lowest

eigenvalue ag. It is well-known that g is in S(R) (see [1]). We leave ¢y undetermined as it
cannot be obtained from (4.5).

Step 2. The O(e) balance reads :
i (D3 +y) — ao) ur(z, y) + (Dg + zy)uo(z,y) = Muo(z,y) . (4.7)

A necessary condition for the solvability of (4.7) is obtained by taking the scalar product (in the
y-variable) of both sides of (4.7) by ty. Since u1 € S(R?%,C) N D(B.) we have that u;(x,0) = 0.
Integration by parts then yields

+00
/0 [(Dz +y — ap)ur]ody = 0.

Since [[Ybol|z2(r,) = 1, we have that

“+o0o
| UDe+ anyPoutalintu Py = Koto(a). (48)
where Ky is the following differential operator
Ko(z,Dy) = (Dy + az)® + (6% — a?)z?, z€R, (4.9)
in which
oo 2 2 e, 2
o= [Py = [ iy, (410)
Combining (4.7), (4.8), and (4.9) gives
Kogo(z) = Aido() - (4.11)

Since y1o(y) is not a multiple of g, it follows from Cauchy-Schwarz inequality, that the
following strict inequality holds
a<f. (4.12)

Hence K is an harmonic oscillator, whose lowest eigenvalue is /32 — a2. Consequently,

/\1 =V 62 —a? s (4.13)

and ¢ is the corresponding L2-normalized eigenfunction. Explicitly, ¢ is a complex Gaussian :

dol) = aexp(‘a?) exp(— 5/ — o), (4.14)

where the constant a is chosen so that ||¢ol|z2r) = 1.

The solvability of (4.7) now easily follows: since L is self-adjoint, and all its eigenvalues are
simple, it follows that

(Dx+xy)2uo(x,y) 7>\1u0(l’7y) J_KGI'{[,*O[O}, Vo e R.

As £ — ap is a Fredholm operator with index zero, the solvability of (4.7) readily follows.
Consequently, u; is expressible in the form

where u{ is the unique solution of (4.7) belonging to (span{})* for all z € R, i.e.,

/Om ud (z, y)vo(y)dy = 0. (4.16)
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Step 3. Consider next the O(e?) balance:
i (D2 +y) — o) uz(@,y) + (D + 2y)*ur (2, y) = Aui(2,y) + Aouo(z,y) - (4.17)

A first necessary condition for solving (4.17) is obtained by taking the scalar product in the
y-variable of the both sides of (4.17) with . Using (4.8) and (4.15) we obtain

+00 +oo
| De e liolo)ds = Kor(e)+ [ (Da+ el lvnto) dy.
Combining the above with (4.16) then yields
(Ko = M)¢1 = Az — (Yo, (Do + 29)* = M)ut (2, 9)) (g, - (4.18)

A second solvability condition is obtained by taking the L? scalar product of both sides of
(4.18) with ¢¢ in the z-variable. Using (4.11) we arrive at

/[(’Co — M) é1]podx = /[(/Co — Aol dz =0.
R R
Hence,

M=AwaﬂxWMMwwm®wW$

(4.19)
=(uo, ((Ds +ay)* = M) (@,9)) pagez -

With this choice of Ao, (4.18) satisfies the necessary condition for solvability, which is also
a sufficient condition. We can then choose ¢; to be the unique solution of (4.18) which is
orthogonal to ¢g.

Substituting ¢; into (4.15) we obtain u;. Then, (4.17) satisfies the necessary condition for
solvability, which is also sufficient by the same argument applied in Step 2. Thus, the solution
of (4.17) assumes the form

ua(w,y) = uj(@,y) + é2()vo(y), (4.20)
0

where u; is uniquely determined by the orthogonality condition

+oo
| ety -o. (4.21)

It is easy to show that the u;’s are all in & (@, C) in view of the fact that both £ and Ky include
an unbounded potential as y and |z| respectively tend to infinity.
This completes the proof of Proposition 4.1. §

Proof of Proposition 3.2.
Proposition 3.2 readily follows from Proposition 4.1.§

5. RESOLVENT ESTIMATES

Our goal in this section is to prove Proposition 3.4 by estimating the resolvent of B, for
X € Dy, where Dy C C was given by (3.14).
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5.1. Preliminary estimates.
We begin by establishing the following approximation.

Lemma 5.1. Let ¢ be a real-valued C™ function which together with its derivatives is bounded

forz € R, and w € S(@, C)ND(B.). Then

(2)*(Bew) @ dady = [|¢Dywl|? + [ly* *dw|® + W, (5.1)

2
where W € L?(R%,C) satisfies
W < (Dz + zy) (dw)[|* + [|¢'w]*. (5.2)

Proof. Since w vanishes on (’ﬁRi, we can integrate by parts and the term involving the integral
on the boundary (9]1%1 vanishes. We therefore have

(z)?(Bew) o daxdy :e/ {|¢(Dy + zy)w|? + 2ip¢’w(D, + zy)w} dzdy
B2 B2

(5.3)
wi [ 10Dyl + yloul) dudy.

+
Taking the imaginary part of (5.3) we obtain :

Im o(z)?(Bew) w dzdy

B2
6Dy wl? + 5 6w + 26Re [ 60/ (D + ay)uidedy.
The integral in the last term in the right side can be+rewritten as :
Re | 6d/(@(Ds + zy)uldady =Re | &/w(D, +ay)(6uw)dady
Consequently, we m;y conclude that )
Re [ | o0'la(Ds + aypuldody| < |(Ds+ wy)(ow)] [¢'ul. (55)
For the real part of the i;tegral on the left-hand-side of (5.1) we have
Re / ¢(z)*(Bew) w dady
=c /R 19Dy + wy)wl? + igd/[w(Dy + ay)w — w(Dy + ay)u]} dedy (5.6)
3

=ell¢(Ds + zy)w — i¢'w|® — el|¢'w]|* = el (Do + zy) (Pw)|* — ]| "w]|*.
Combining (5.5) and (5.6) yields

| [, ol (Ba) wardy — 6Dy + 26| < 26(1(Ds + ay)(ow)| + w?). (5.7

which completes the proof of the lemma. 1

We continue by establishing the following estimates, which are valid for A values in a much
greater range than those proved in the next subsection.
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Lemma 5.2. Let (f,w) € S(@, C) x D(B.) satisfy (3.13). Given any C > 0, there exist
constants €y and 6’, and, for any half-integer k > 1/2, a constant Cy, such that, for any

A =iag + € (5.8)
with
‘:u1| < Ca €€ (07 60]7
we have
|lzFw e L*(R%,0), ly|Fw € L*(R%,C), =xd,w e L*(R%,C),
with
lal*wll < Ci[llwl + el =72 + 1)1 (5.92)
ly*wl < Ci|lwll + 162+ 1)£1] (5.9b)
llal*dawl < Ci[llwll + eI (lafF32 4 372 L 1) ] (5.90)
Iy @uwll < Ci ol + M 1(12l™/2 + = + D) + Iy 20,11 (5.9d)
10usell < Cllloll + €M (2l + 572 + D)1+ 120, fl + OS] (5.9€)

Proof. Step 1. We first obtain an estimate of ||(V + izyi,)w|.
To this end, let v € V' be compactly supported in the interior of RZ, where V was defined in
(1.12). Multiplying (3.13) by v and integrating by parts yields

/ {e(Dy + zy)w - (D + zy)v + iDyw - Dyv + iywd — Mwv} dedy = / fodzdy.  (5.10)

For n > 1, let n,, € C*(R, [0, 1]) satisfy

0 if ¢t <1,
() =<1 if2<|t| < 4n, (5.11)
0 if 6n < |t,
and o
0
] < —
n
Let m > 0 and set v(x,y) = |x\mng(a:)w(a:,y) in (5.10). We compute
(Dz + 2y)w - (Dy + 2y)v =|(Dy + zy) (2™ *npw)|* — [w(|2|™ )2
+ 2i[|™ 0y (|2 ™ 21n) Re [w(Dy + zy)w] .
We can thus write (5.10) in the form

g@ﬂwﬁmmmwmwwwmuW%M%mw
+

'+i]£z{24x7mmnnU$V"”nnYRe[w(Dm+—wyMU]+!wV"nZU%ﬂMQ+-me”nihUP}dxdy (5.12)
+

(iaa -+ em) [ lal"2 wf dady = [ Jof" fu dody.
R

+ RY

Here we have used the assumption (5.8).
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Taking the real part of (5.12) we get

G/R2 {|(Ds + 2y) (|2 *naw)? = |w(ja|™n.)|* = Re i |2|"ny; [w]*} dedy
+

= Re / |z|™n? fo dedy .
R2
+
Hence we have
2
L |2+ a2 dody
RZ (5.13)
=Re pu||z|™Pnw|® + (| *n0) w ]| + ¢ Re (2| 2w , [0, f)

Taking the imaginary part of (5.12) yields

/R2 {2€la|™ 0, (2| * 1) Re [@(Dy + wy)w] + |2|™ 03| Dyw]* + yla| ™ w]*} dedy
+

~ (a0t etmpm) [ a2l dody =T [ ol fa dody
R2 R2
T ¥
Hence,
)™ 20 Dyw]|® + 1y 2™ *npw] >

= (a0 + e Tm ) 2™/ 0> + Im (™ 2w, ||/ ) (5.14)

— 26/ 2™ 20, (|12|™ ) Re [@0(Dy + xy)w] dady.
2
The last term in the right side of (5.14) can be estimated by using (5.5) with ¢(x) = |z|™/?n, (z).
Thus,

[t 2™ 20 Re (D, + wyyu] dady] < (Ds + )t o)l (a5, o]
+

From the above and (5.14) we obtain
2™ 0 Dyw|* <(ao + eTm p)[||2]™*nowl]|* + T ([ ™ 2w , 2] 2, f) (5.15)
+2€[[(D + wy) (J| ™) | 1| (2™ 00) w]).

The necessary estimate of ||(V + izyi,)w|| is obtained by summing up (5.13) and (5.15).
Step 2. Next we show that there exists c¢1, such that, if ¢ € C}(R%, C), then

ll2'/26]2 < e [(Da + 2@l + 1 Dyol> + 16117 (5.16)
To prove (5.16), we use the same trick as in [4] (line above (2.23)) and write, for ¢ with

compact support inside ]R%_, the identity

¢ dxdy = » + 2y, Dy)¢ ¢ dudy,

/ z? ) / x D

_ ) =
R2 V1 + 22 V1+ 2?
where [D, + zy, D,] denotes the commutator of D, + zy and D,. Expanding the bracket and
after an integration by part, we obtain

2
|, =stoPandy <3 [ (D +am)ol? + Dyl + oy dody. (517
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Step 3. Let (f,w) € S(@, C) x D(B.). In this step we claim the existence of a constant c,
independent of (f,w), such that for any non-negative real number m, and for all 0 < € < 1, we
have :

2|7 2] < e [H\ﬂ:\m/znan + lfwll + e il ™2 £ ] (5.18)

Here the cut-off function 7, is defined by (5.11).
We first note that, since w € V', by approximation, (5.16) holds for

$(w,y) = |2 *na(2)w(z, y)
with m > 0. Consequently, we obtain

|0 2 @)wl|? <er | [(De + 2y) (|l ™ i (2)w) | (5.19)
+ 11Dy (]2 (@) w) |12 + |2 2 ()] |

We use Cauchy inequality to control the term
2€[/(Dy + wy) (2" *npw) | [|(|2]™*nn) wl|

on the right-hand-side of (5.15), and then substitute (5.13) and (5.15) into (5.19). We then
obtain the existence of c¢g > 0, such that

2|+ 2] <ey [(Reul +ag + elm g+ Dl 2wl + (1 + )| (J2™ ) ]|
+ e " Re (2™ Ppuw, 2™ 2, f) + T (2™ P, 2] 2, )
<c3 [(Reul +ag + elm g+ 3) ||| Pnpwl® + (1 + )| (J™ ) ]|

+ (€24 Dl 2 11

(5.20)
Recall that n,(z) = 0 for |z| < 1, and that
1 (2)] < tn(a), |2 na(e) < 1+ moa(z) for |z] > 2.
Hence
1™ 250) ]| gur%uufc\mﬂnnww? )™ 20, (o)
<m?|[[&|™ 2 w]|? + ™ 2112 ()] | (5.21)
<(@2m? + 2)([wl|? + ™ 120 (z)w]|?),
and
™ npwl? < 2l[w]|? + 20| ™ ?n2n (z)w]|2. (5.22)

Next, we insert back (5.21) and (5.22) into (5.20), and obtain the existence of ¢4, such that for

all 0 < e <1 we have
2| D2 0]12 <ea(L +m® + g+ |pa ) ([wl|? + [[]]™ 2nn (z)w]]?) (5.23)
+ a2 P f112

Hence, (5.18) is proved.
Step 4. Proof of (5.9a). Setting first m = 0 in (5.18) we obtain

22 nwl| < ea(lmawll + [wll + e £ < ca@llw] + €M £)-
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Letting n go to +o0o then yields
lz?w] < ea (2wl + eI (5.24)

Consequently, (5.9a) holds with £ = 1/2. For a general half integer k, the proof of (5.9a) now
follows by recursively applying the above procedure.

Step 5. Proof of (5.9b). Let m > 0 and insert v(x,y) = y™n2(y)w(z,y) into (5.10) to obtain
/ {ey™n =+ ay)wl® + iy (W) Dywl® + iy 0, (y)) 0 Dyw
iy el = " el dedy = [ y"ai ) fo dady,

+
From the imaginary part of the above identity and (5.8) we obtain that

/R2 {y™ ()| Dyw]* + ("5 () Re (wDyw) + ™ gy (y) [w]?

— (a0 + eIm i1 )y n7 (y) [w }dxdy—lm/ Y"1 (y) fo dedy.

Therefore,
™21 (y) Dyw||* + [y ™D 2]
<(ao + €Tm ) g™ 0 ()wl|® + | (6™ >0 (1)) wy™ 1 (y) Dy |
+ [Im (nn (y)y™*w nn(y)ym/2f>\
<(ao + eIm 1) [|y™ * () w]|* + *H( 2 () wl? + (g™ 2 (y) Dyw |
Sl 2yl + %Ilym/gnn(y)fHQ-
Hence,

|
Iy D2 nw]1* <(ao + eTm p + )Ilym/2 n()wl? + 1™ 1 (y)) wl|

+ iHym/an(y)fHQ-
Setting m = 0 in (5.25) we obtain, for sufficiently large n, that

(5.25)

ly*mawl|* < (a0 + eIm 1 + 1)||w]|* + || ]|
Letting n — +o00 in the above inequality yields the existence of ¢5 such that :
lyPwl® < es(lwll” + 1| £117) -

Invoking inductive arguments we get (5.9b) easily.

Step 6. Proof of (5.9¢). For a half integer £ > 1/2 we use (5.13) with m = 2k, and then let
n — 400, to obtain the existence of cg such that :

10z (|z*w)|* < o[l *wl|* + llwl®) + € HllzFwl |z ]* Il + 2]yl
Combining the above inequality with (5.9a) and (5.9b) and the following inequality (which

immediately follows from Young’s inequality)

1
|z[Py? < Pl plz P 4 2P t? (5.26)
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completes the proof of (5.9¢) .

In the interest of brevity, we drop from now on the argument involving the cut-off function
N (including the limit n — +o00).

Step 7. Proof of (5.9d). We differentiate (3.13) with respect to x to obtain
e[(Dy + 2y)*0pw — 2iydyw + 2xy*w| + z(Dg + y)0rw — ANO,w = Oy f. (5.27)
Taking the inner product of (5.27) with d,w yields

ell(Dy + zy)0,w||* — 2ie(ydpw, pw) + 2e(zy*w, Opw)
D, 0.l + ilyaw,Oy) - Aoswl? = (0., ). 2%
Step 7.1. For the case k = 1/2, the imaginary part of the above identity reads
| Dy 0wl + (1 — 26)||y"/?0,w||? + 2¢ Im (zy?w, Oyw) — (o + €Im 1)||Opw||? = Im (O, f, Opw).
Hence, for 0 < € < 1/4 we have
Iy 20,w]? < 4|(ag + eTm iy + 1) 0] + 20w ]2 + [yPwll? + 1.2

We next estimate the first two terms on the right-hand-side of the above inequality using (5.9¢)
with & = 0 and k£ = 1 respectively. The third term is then estimated using (5.9b) with k£ = 2 to
obtain

ly*/20pwll < el + M2 + 52 + 1)1+ (2l + 572 + 572 + ) F] + 110.11-
Since
P27l < 2P+ D F1 ™27 < ™2 + DL
we get
Iy /20wl < e fwll + M2/ + 52 + 1) £l + 0. 1]

Hence (5.9d) is proved for k = 1/2.
Step 7.2. For the case k = 1, we take the inner product of (5.27) with yd,w to obtain

elly"*(Dy + wy) || — 2iel|lydow|* + 2¢(xy*w, ydyw) +illy"/* Dyduwl|? (5.29)
+ i{0y0zw, Daw) + illyduw|* — MOww, ydow) = (y'200f, y'/*Opw). |
As w € D(B,) implies w(zx,0) = 0, we have that d,w(z,0) = 0. Consequently,
(0yOpw, Opw) = 0.

The imaginary part of (5.29) then reads

ly"/2D, 502 + (1 — 26) [y, w]? + 2¢Tm (zy2w, yOyw)

— (a0 + eIm )|y *0,w]* = Im (y'/20, £,y *0w).
Hence, for 0 < € < 1/4, we obtain

lydew||* < 4| (a0 + eTm p + V) ly*20,w]| + [ly" 20, f||* + € |ad,w]* + IIy3WII2} - (5:30)
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To estimate ||3'/20,w||? on the right-hand-side we may use (5.9d) for k = 1/2. It seems, however,
more transparent to use instead the following inequality

1
/ Y Opw|Pde < Nl+1/ y"“!@xw\zdwdw/ y" ! 0pw|? dady
R? {y>N} {o<y<n}

+

) (5.31)
< e Iy 20,02 + N o,

which holds for all N > 0. The above inequality, with N being sufficiently large, n = 1, and
[ =0, combined together with (5.30), yields

lydewl® < ez [H@cwll2 + 11" 20u f 1P + Ellxdpwl* + [ly*w]? . (5.32)

Combining the above, (5.9b) (for £ = 3), and (5.9¢) (for £ = 0 and 1) yields the existence of €,
cg and cg, such that, for all € € (0, ¢g] we have

lydew| <es|llwl + (2l + y*/2 + ) f| + ly 2001
+ ellwl + 12 + 572 + DF + ol + 162+ DA (5.33)
<ep [l + (2l + 572 + )| + Iy 2011

which completes the proof of (5.9d) for k = 1.

Step 7.3. Finally, we consider the case k = (m + 1)/2. Upon taking the inner product of
(5.27) with y™0yw for an integer m > 1, we use the identity
)
(D} 0sw,y™ dew) = i} Dy (y™20pw)|* = = [y "> D Dw]? - mim /]R Y000 Oy dady,
+

to obtain

elly™?(Dy + 2y)dpw]|* — 2ie]|y ™ TV 20,w|1 + 2e(y™ 2w, 20pw) + || Dy (y™ 20,w)||*

. 2
- “Z Hym/z_la;,;wH2 — mlIm /R2 ym_lﬁyﬁxw Oy w dzdy + z'Hy(m“)/?awa? — AHym/28wa2
+

=(y™20, f,y"™?0,w) .
The imaginary part of the above is given in the form

2
m m
1Dy (y™?0pw)|* — —-|

ly™ 2wl + (1 = 26)|ly "V Eo 0]
+ 2eIm (3" 2w, 28,w) — (o + eIm 1) ||y™ 20,w|)? = Tm (y™/ 20, f, vy O, w) .
Hence, there exists cj9, such that, for all 0 < e < 1/4, we have
Ly V20,02 <ero{lly™ T ewl|? + [ly™ P w? + € l|lzdpw|?
+ 1y 20pw]® + ly™202f11°} -

To complete the proof we use (5.31) with n = m twice: with [ = 0 to control ||y™d,w||, and
with [ = 2 to control ||y™ 20, w||. For sufficiently large N, depending only on cg, (5.34) can be
converted into the form

Iy D20, < exn [0l + € ladeaw]? + g™ 2wl + ™ 20,£12]. (5.35)

(5.34)
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Using (5.9¢) with & = 0 and k£ = 1, and (5.9b) with £ = m + 2, we derive from (5.35) the
following estimate

ly "2 0 ]| < ers HwH+6_1H(!w\3/2+y3/2+1)f\\+H(\x!5/2+y5/2+ym+3/2)fH+Hym/28sz} :
Observing that
=2 A< =P+ D fl 0 12+ 62 Fl <20 ™ 2 + D1,

(we use these inequalities frequently in the sequel without referring to them anymore) we obtain
Iy D20, < exs [[lw]| + €I + g™ 1) f| + IIym/anfH]- (5.36)
Thus, (5.9d) is true for k = (m +1)/2.
Step 8. Proof of (5.9¢). The real part of (5.28) reads

el (D + xy)0,w||? + 2eRe (y*w, 0,w) — eRe p1 ||0yw]|* = Re (9, f, Opw). (5.37)

Since
(D + xy)‘ameQ = ||(9me2 + nyaxw”Q + 2Im (2y0pw, Opzw)

we obtain

102w <8]|zydew]® + 2]ly*w|* + (1 + 2 u1 ) |0owl]|* + 7|10 f]

<2[ly*w]? + (1 + 2 ) |0owl]|* + 4lla?dpwl]|* + 4]ly*Ozw|* + 2| 0x.f].

Using the above, (5.9b) with & = 2, (5.9¢c) with £ = 0 and k& = 2, and (5.9d) with k& = 2, we
obtain the existence of ¢ and ¢y such that

10sewll < c|[wl]l + € M (2 + ™2 + 1) f | + 120 f| + € 0: ]| -

This verifies (5.9¢). 11

It seems worthwhile to note that, if one conducts the various computations in the proof
of Lemma 5.2 differently, it is possible to get better estimates for (5.9e). However, all these
estimates would fit into the general form

102,w] < C |llwll + e 'p(f)|
for an appropriately defined norm p on §.

5.2. Projection on (span{p})=.

We begin by recalling from (2.11) the definition of 7, the orthogonal projector on the com-
plex 1-dimensional linear subspace generated by 1y. Then, we introduce the complementary
projection

m=1-m, (5.38)
where [ is the identity map. Making use of topological tensor products, we introduce
HH:7T||®I and Il =7, ®1,
which are orthogonal projectors acting on
L*(R2,C) = L*(R4,C)®RL*(R,C).
For v in Lz(Ri, C), we write

wy=Iju and wu; =1l u.
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It is easy to show that for all uw € D(L), where L is the Airy operator defined in (2.10), we have
aolluylI? + arflurl® < (Lu, ), (5.39)

where o and a; are the lowest and the second eigenvalues of £, and a1 > ap.
Given € > 0, A € Ccp and f € S(R%,C), let w € D(B.) be the solution of (3.13). Write

w=w)| +w,. (5.40)

We next show that for a suitable choice of p, wy is small, compared with wy, if € and f are
sufficiently small.

Lemma 5.3. There exist positive constants C, ko and €y such that, for any e € (0, €], if
A= A(u1) is given by (5.8), and if (w, f) € D(Be) x S(R?%, C) satisfies (3.13), then we have:

1
2 < 2 .
o < oo el + el 171 (5.41a)
la?wo|? < C|ellw]? + e (L +2%) £, (5.41D)
ety |2 < Clelwl? + e oo (2] (5.41¢)

where py, 1S a norm in S(@, C) defined in (3.6).

Proof. Step 1. We prove (5.41a). Let w be the solution of (3.13). Recalling (5.8) we take the
inner product of (3.13) with w and then obtain by considering the imaginary part of the new
expression:

(L — poyw, w)) = T (f, ) (5.42)
with

o =Im A\ = o+ elm py (5.43)
It follows from this and (5.39) that,

(a1 — ap — eImpuy) |l || — eIm g oy |* < || £]] 1wl

from which we deduce (5.41a) for small e.

Step 2. We prove (5.41b). Taking the inner product of (3.13) with z?*w, where k is any
positive integer, and computing as in (5.3), we obtain

(f, 2% w) =(Bew — M, 2% w) = (e(Dy + zy)?w,w) + ((iL — Nw, z%w)
=e||z¥ (D, + zy)w||? + 2kie((Dy + zy)w, 227 w) 4+ ((iL — N w, 22Fw)
=e||2* (D, 4 zy)wl||* 4 2kie((Dy + zy) (z*w), 2" 1w) — 2k2€]| 2z w|)?
+ (il — N)(aFw), 2Fw).
Combining the imaginary part of the above identity and (5.42) yields
2ke Re (D + xy) (zFw), 2*1w) + (£ — po) (zFw), 2¥w) = Tm (a* f, 2%w) .

We next make the obvious observation that

7r||(:L‘kw) = :Uk7r||w = :L‘kw”, 71 (zFw) = 2Frw = 2Fw, .
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Thus, from (5.39) it follows that,

aolla®wy | + arf|zw | < (L(z"w), w)

Suollatw|” + |l2* lla*w] + 2kel|(Ds +oy)(zw) "~ w] o
1 € 5.44

Shollat P+ ol | + e A + gllatul?

+ el w2+ kell (D + @) (atw) .

To control the last term in the right side of (5.44) we use (5.13) with m = 2k to obtain the
existence of ¢; for which we have

ke/ (D, + zy)(z*w)|? dedy
RQ

+

<kRe Alla"w|* + kel (2" + k" Hwl® + k]la*w] [l f]

k k
=ke(A\ + u1)]|a:kw||2 + 2l<:e|\az:k7.u||2 + 2k:26||xk_1w||2 + §€||l‘kw”2 + 56_1||xkf\|2

_ k _
<cre(atwll + " w]?) + ST " 17

Substituting it back into (5.44) we derive the existence of co such that
(a0 — po) |z wy||* + (a1 — po)llz*w 1 [* < exe(lfzw]® + [|l2*~ w]®) + coe™ [l f 2.
By (5.43) and (5.9a) we then have
(a1 — ap)[la*w, |*
<eIm oy ([Ja*wy | + [|lzw ||*) + cze(lla™w]|® + |2 w]|?) + cae™ [l f
<cse(||z"w]|* + | w]|?) + eze|2* £
<ere| ] + 2 (@l 4 222 + 1) FI2)]| + eae ok 1)

—cael|wl|* + (c2 + ca)e M a¥ + |12 4 |22 1) £
Hence
(a1 — ap)[la*wi || < esellwl® + ese | (2" + 1) f]1?, (5.45)
which with k£ = 2 yields (5.41b).

Step 3. Proof of (5.41c). We first differentiate (3.13) with respect to x (see also (5.27)) to
obtain

(i = N)(Opw) + €0,(D, + my)w = O, f
Then, taking the inner product of the above identity with 220, w yields
(L — N)(20pw) , 20,w) + €(0p(Dy + xy)*w , 220,w) = (Dpf , £20pw) .
The imaginary part, with the aid of (5.43), receives the form
(L — po)(20,w), 20pw) = Tm (D, f, 2°0pw) — € Im (9,( Dy + 2y)*w , 220,w)
=Im (8, f, 220, w) + 2¢ ||zy* 20, w||> — e Im (y%w, 230, w) + e Im (D, + zy) 20w, 2*0,w) .
Note that
((Dy + 2y)%0,w , 220,w) = ||2(Dy + 2y)dpw]|? + 2(0ppw, £yw) + 2il|zy /20w
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Consequently, we have
(L — po)(20,w), 20pw) =Tm (0, f, x20,w) — € Im (y*w, x50, w)
+ 2e Im (Dppw, 28, w) + 2¢ || zy*/ 20, w]|%.
Combining the above with (5.39) we obtain
(0 — po) & dzwy[|* + (1 — po) 4Bz |
<((L — po)(z0zw), z0zw)
<[|0x flll2* ]| + elly*w]| |2 0w]| + 2€] (Drzw, 2Dzw)| + 2¢|ay'2Dpw],
which together with (5.43) yields
(@1 — po)[|2zwo ||
<Ce[[|a*dpwy > + [20zw|® + ly*w|* + #°Opw ]| + [[(Daww, 20pw)| + |2y *0pw] ]
+e 0 fII?
<Ce[lly*wl® + |20zwl]|* + [|lz*Ozwl|* + [|°Ozwl|* + |lydow|® + [|0zaw]|*] + 205 f*.

Using (5.9b) with k£ =1, (5.9¢) with £ = 1,2, 3, (5.9d) with & = 1, and (5.9¢) we obtain, for all
0 < e <1/4, that

(a1 — po) |z 0zw L ||
<Ce{llwl® + e 2| (X + 2”2 + ¥ F12 + ("2 + y* D)0 f11? + € 2(|0uf 12} + e |20 £
Hence, (5.41c¢) is verified for 0 < e < 1/4, with
p(f)2 = 1@+ 22 + ") 12+ (1 + 2] + ¥ f?

We are now ready for the final stage of Step 4 of the proof for the main results stated in
Section 3, in which we obtain an estimate of the norm of the solution w = (B, — \) ™! f of (3.13)
for A€ Ccp and f € S. Recall that every A on the circle C, , obeys the form

A=A(0) = +ed(p, b, €) (5.46)
where 7, is given in (3.4), and
3(ps b €) = pexp(ig) e'/?, ¢ € [0,27). (5.47)

Lemma 5.4. There exist kg € N, pg > 0, and C > 0, such that for any w satisfying (3.13) with
A€ Cep and p > po it holds that

Jeolp): 0 <e<elp) = |lwll < Celd]) " pr, (), (5.48)
where py, is the norm in S(@, C) given in Lemma 5.3.
Proof. Step 1. Let
+o0o
w@) = [ wte i)

Then,
w)(z,y) = wi(z)o(y), lwyll = [lwillp2(w)-
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Taking the inner product of (3.13) with 1y in L?(R,,C) with respect to the variable y, and
dividing the resulting equation by € we obtain

A — iog

Dwi — 2ix8y (w, yho)y — i(w, yho)y + 2*(w, y*Po)y — wy = %<f,w>y7 (5.49)

where (-, -),, denotes the inner product in L?(Ry,C). Having in mind the definition (4.9)-(4.10)
of the operator Ko, we can rewrite D2¢, for any smooth ¢, in the form

D2¢ = Koo + 2iaxd,¢ + iag — 3226 (5.50)
Therefore,
D3wy — 2iady (w, yiho)y — i{w, ytbo)y + & (w, y*4o),y
=Kowy — 2izd,[(w, yo)y — aw] — i[(w, yho)y — awr] + 2 [(w, y*o)y — Fwi] (5.51)

=Kow1 — 2iz0: (w1, y1bo)y — i{w, yibo)y + 22 (w1, y*Po)y,

where we have used the identities:

+oo
(w,yio)y — awy = /0 yho(w — wi(2)Po(y))dy = (w — wy, yibo)y = (WL, yo)y,

+oo
(w, y*ho)y — 2wy = /0 Yo (w — witho)dy = (w — wy, y*vo)y = (Wi, y*Yo)y-
We then combine (5.49) and (5.51), using (5.46) and (5.47) to get
(Ko = A1 —d0)ur =g, (5.52)

where
g = 2ix{0yw, ytbo)y +i(wi, yibo)y — % (wi, y* o)y + € H{f, o)y

Step 2. We next estimate ||g||. Since

@, ool ey <[elimollzam sl
<yl 22 a2 2 < Clladaw, |1,
and since there exists C' > 0 such that
2% (g0 s wi)yll72m) < Clla?w |,

we have
9132y < C[ledpw 2 + llwr |2 + fla2w. |2 + 2| £117] (5.53)

Consequently, by (5.41) we have, for some ko,
9132z) < Celwl® + e 2prg (2] (5.54)
Step 3. As the operator Ky is self-adjoint we obtain from (5.52) and the spectral theorem [16]
that for any fixed p > 0 there exists €g(p) > 0 such that for all 0 < € < ey(p) we have

l9llz2(w)
0]
Substituting (5.54) into (5.55) we obtain for some kg € N,

w2y < C1lol™ [ wll + i ()] (5.56)

w1l 2@y < 2 (5.55)
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By (5.41a), there exists Cy > 0 such that, for small e,
ol < Ca [l 12 + ol £11]
and hence, noting that |lwi||z2®) = [|w[, we have that

2 2412
s, el = G3IA1P) (5.57)
Using the above inequality together with (5.56), we obtain the existence of ky and C3 such that
lwl < CEIIFII? + 202 |lwn |72y < C307 [G\IwH2 +e 2 ()2 (5.58)

which is valid for all € € (0, eq(p)).
Let then

w172y >

po=2C3.

For a given p > pp, we obtain from (5.58) that for all e € (0,€9(p)), there exist ky € N and
C4 > 0 such that

lwll < Ca(ed) ™ pio (f) -

As an immediate consequence of Lemma 5.4 we obtain

Proposition 5.5. Let w satisfy (3.13) with f =0 and X € Cc ,, where € is small enough. Then
w = 0.

Proof of Proposition 3.4.
(3.11) follows from (5.48) with |5 = pe'/2.1

The other consequences of Lemma 5.4 have been described at the end of Section 3.

6. EXISTENCE, UPPER AND LOWER BOUNDS
It is now possible to state the following existence result:

Proposition 6.1. Let

Ye = tag + €A1, (6.1)
where o is the first eigenvalue of the Airy operator L and A1 is the first eigenvalue of the
operator Ky defined in (4.9). Then there exist g > 0 and C > 0 such that, for all 0 < € < €,

o(Be) N B(ye, Ce3/%) £ 0. (6.2)
Proof. The proof follows immediately from (3.10) and (5.48). 1

By (5.48) it follows that B. — A is injective for A € C(¢, p) with € small enough. As B, has a
compact resolvent it immediately follows that A\ & o(B,).
Coming back to our initial operator AT we deduce from Proposition 6.1 the following corollary:

Corollary 6.2. The operator AT defined in the introduction admits at least one eigenvalue
= p(c) having the following expansion as |c| — +o0:

ule) = c2/3 exp(ig)ao + A exp(—z%) B3 4 0(0_5/6) . (6.3)
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Clearly, (6.3) establishes the upper bound in (1.18). To obtain the lower bound we need to
prove first Proposition 3.5.

Proof of Proposition 3.5. The resolvent of B, being compact, it is sufficient to show that
there are no eigenvalues in Dy.. Let then A € Dy, where Dy is given by (3.14), and let
w € D(B.) satisfy
(Be—MNw=0.

We note first that, for fixed b and sufficiently small e > 0, both (5.9) and (5.41) hold for A € D, .
Furthermore, despite the fact that Lemma 5.4 is stated for A € Cc, (see (5.46), (5.47)), we can
still use (5.54), (5.57), and even (5.52) as long as we appropriately modify the definition of 0.
More precisely, A = v + €0 € Dj . means that instead of (5.47) we have

—M\ <Red < —be/?,  0<Imd<3\.
We can thus take the inner product with respect to =, in L3(R, C), of (5.52) with w;, defined in
the proof of Lemma 5.4, to obtain
—Redljwi|[F2g) < Re (Ko — A)wr, wi)e — Redllwi|[Zo gy = (9 wi)e < gl 2@llwillo@) »
where g was defined after (5.52). By (5.54), with f = 0, it then follows that
be' 2wl 2@y < Ce'?[w]) .
Using (5.57) with f = 0 then yields
b
—==llwll < Cllw]|.

V20,

For sufficiently large b we must then have w = 0, which means that A is not an eigenvalue. I

7. DECAY OF THE SEMI-GROUP

In this section we apply a technique which was applied first in [13] to obtain stability of the
normal states for the linearized one-dimensional Ginzburg-Landau system, in the absence of any
magnetic field (induced or applied). The linear operator in this case is the Dirichlet realization
of the complex Airy operator in R [14], which we denote here by Q. In [3], it has been shown
that when X lies to the left of ¢(Q), then

_t(Q—/\)u0|’L2(R+) — 0,

He t——+00

when w1 belongs to a certain dense set in L?(R;). In [13] the validity of the above has been
extended to any ug € L?(Ry). We use the technique in [13] to obtain a similar result, but this
time for the operator A7, i.e., we prove Theorem 1.3. This desired outcome is a consequence of
the following proposition.

Recall the definition of pm,(c) in (1.17).

Proposition 7.1. For any w satisfying
w < fbm , (7.1)
there exists M, > 0 such that,
GO 2r2@2 ) < Mo exp(—wt). (7.2)
Furthermore, for any w > p,, we have that
HewG(ﬂHz(L?(Ri,C)) > exp{(w — pm )t} (7.3)
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Note that by (2.9) we have that

inf Rez> 1|c|2/3040.
z€0(AD) 2

Furthermore, for a sufficiently large value of ¢, in view of (1.18), we can approximate pi,, using
(6.3). In the unlikely event that for some value of ¢, the spectrum of A} is empty we may set
fm = +00, i.e., (7.2) would hold for all w € R, and (7.3) would become redundant.

We prove (7.2) with AT replaced by P defined in (2.1) since they are unitarily equivalent by
(2.1). In order to make use of the Gearhart-Priiss Theorem (see the Appendix) we need the
following lemma;:

Lemma 7.2. Let p,, be the number defined in (7.1). For any real number a satisfying o < fim,
there exists a constant C, such that for all A\ with Re A\ < o we have

IP-N<C. (7.4)

Proof. Without loss of generality we assume o > 0. Let then A be such that Re A < . Clearly,
A lies outside the spectrum of AT, and hence outside the spectrum of P as well. Consequently,
once we manage to prove boundedness of the resolvent (P — A)~! as |A\| — +o0o (for Re A < a),
then the lemma will be proved.
We distinguish between three different subdomains of C:

(1) ReX < —a.
(2) ImA — —o0, and Re X € (—a, ).
(3) ImA — 400, and Re A € (—a, ).
In the first region we use the inequality

Re (P — Nu,u) = |(Dy + ya)ul|? + | Dyul® = ReAllul* > (E§ — Re A)[[ul?, (7.5)

where Ej was given in (1.14), to obtain that

1
1P =071 <
In the second case we use the inequality
Im (P — Nu,u) = /RQ (y — Im A)[ul* > —Im Aljulf?, (7.6)
yielding immediately that ' .
1P =N~ < T

Consequently, it remains necessary to control the norm of the resolvent only in the third case.

Next, we prove the lemma in the third case. To this end, we borrow ideas from semi-classical
analysis. The main idea of the proof is to approximate (P — A)~! by a sum of two different op-
erators: one of them should serve as a good approximation when applied to functions supported
near the boundary, while the other one should take care of functions whose support lies far away
from the boundary.

The first component in the above decomposition is thus derived from the Dirichlet realization
of the differential operator

(Dy 4+ yx)* + D7 +i(y —ImA) — Re A,

for (z,y) in the band
Im A\
S =R x (0, %) .
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Denote the resolvent of this operator by

Ri(\): L*(S,C) — HL, (S,C).

mag

Since (7.6) still holds for the above Dirichlet realization, we easily obtain that

2
RN < ——. 7
IRV < o (77)
Furthermore, by (7.5), which remains valid for the problem in S, we have, for u = Ry f,
IDyR1 (N FI1? = [ Dyul® < [|(P = Null[|ull +Re Allul®
2 4|
<[I£FIIR (A Ri(N)f|I? < 2,
<IANR S+ el R AP < (g + Tae) I
Hence /
2 11/2  2a1/?
D/RIAN|| < | —— . 7.8
IR < ]+ (7.8)

Far from the boundary, we attempt to approximate the resolvent of the same differential
operator on R?, neglecting the boundary effect. Denote this resolvent by Ra()). Recall from
[4] that the norm ||R2()\)|| is independent of Im A because the problem in R? is invariant to
translations in y variable. Since R2()) is an entire function in A\, we easily obtain a uniform
bound on ||[R2(A)| for Re A € [—«, +a]. Hence,

RaV) < Cr(e). (7.9)

We now use a partition of unity in the y variable in order to construct an approximate inverse
R2PP()\) for P — X\. We shall then prove that the difference between the approximation and
the exact resolvent is well controlled as Im A — +o00. Define then the following pair of cutoff
functions in C*>°(Ry, [0, 1]):

o(t)=1 on[0,3/8], ¢ =0on/[l/2,+00),
Y(t) =1 on [0,1/4], 1 =0on [3/8,+00),

and then set

) =o(5) ) =v():

Im A Im A
The approximate inverse R*PP()) is then constructed as
R¥PP(A) = oaR1(A)tha + Ra(A)(1 = ¢, (7.10)

where ¢, and 1) denote the operators of multiplication by the functions ¢)(y) and ¥, (y). Thus,
¢ D(Ry') — D(P),
¥yt L*(R%,C) — L*(S,C),
1 -y : L*(R%,C) — L*(R?%,C).

From (7.7) and (7.9) we get, for sufficiently large Im A,

RPN < Cs(a). (7.11)
Note that
PAvx = Uy, (7.12)
and that c .
|¢//\(y)‘ < mv |¢£<(y)| < m (7.13)
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Next, we apply P — A to R?PP to obtain that :

(P = NR¥™P(N) =1+ [P, ¢r]R1(}) (7.14)
where [ is the identity operator, and
= _ — D2 _ 2i (Y _ 1 n( Y
[P.6x = Pér — 6P = (D}, 6] = (Im)\>Dy T (ImA) . (7.15)

Here we have used (7.10), (7.12) and the fact that
(P = MR1(Nau = tpu, Yue L*(R%,C).
Using (7.7), (7.8), and (7.15) we then easily obtain, for Im A large enough,

Ca(e)
RiN| < ——=. 7.16
Hence, if [Im A| is sufficiently large then I + [P, ¢5]R1()) is invertible in £(L?*(R%,C)), and
I(Z + [P, oxIR1 (M) ] < Cs(a). (7.17)

Finally, since
(P =Nt =R¥P(\)o (I + [P, pa]R1(N) ",
we have that
[P =N < IRPPA[(Z + [P, alR1(N) |-
Using (7.11) and (7.17) we find that (7.4) is true. &

Proof of Proposition 7.1. The proof of (7.2) follows immediately from the Gearhart-Priiss
Theorem and (7.4).

To prove (7.3) we note that since the resolvent of P is compact, the spectrum is discrete.
Let A, € C denote an eigenvalue with real part which equals p,,,. There is clearly at least one
eigenfunction associated with A, which we denote by wu,,. We prove (7.3) by observing that

G(t) U = Upe L.

APPENDIX A. SOME RESULTS RELATED TO PSEUDOSPECTRA
We recall that, for any € > 0, the e-pseudospectra of a linear operator A is defined by
_ 1
) = {AeC i (A= > 2], (A1)

with the convention that
[(A= X" =400 if X €a(A).

We have
[ Ze(A) = o(A). (A.2)
e>0
We define, for any accretive closed operator A, for € > 0, the e-pseudospectral abscissa
a.(A) = inf Rez. (A.3)

z€X(A)
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We also define the growth bound of A by

~ . 1
Do(A) = lim -~ log || exp(—tA)]. (A4)
We mention also that
ae(A) < inf Rez. (A.5)
z€a(A)

Theorem A.1 (Gearhart-Priiss). Let A be a densely defined closed operator in a Hilbert space
X such that —A generates a contraction semi-group and let &c(A) and wo(A) denote the e-
pseudospectral abscissa and the growth bound of A respectively. Then

lirg?+ ac(A) = —Wp(A). (A.6)
We refer to [11] for a proof.
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