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Averaging of dilute random media: a rigorous proof of the
Clausius-Mossotti, formula

Y. ALMOG

Abstract

We consider a large number of randomly dispersed spherical, identical, inclusions in a bounded
domain, with conductivity different than that of the host medium. In the dilute limit, with some
mild assumption on the first few marginal probability densities (no periodicity or stationarity are
assumed), we prove convergence in H' norm of the expectation of the solution of the steady state
heat equation, to the solution of an effective medium problem, where the conductivity is given by
the Clausius-Mossotti formula. Error estimates are provided as well.

1. Introduction

Consider N spherical inclusions of conductivity ¢ and radius € immersed in a different medium
of conductivity 1. Prescribing the temperature (or the electric potential) on the boundary, the
temperature field inside can be described as the unique, weak solution of the problem

V<a’(xa77177nN)v¢):O an7 (1 1)
op=1Ff on 0f2. ’

In the above, 2 C R? is bounded and smooth (say C*“ for some positivea), {n;}}¥.; denote the
spherical inclusion’s centers, and

N
o Vee |J Bnn,e),
1

a’(mvnla"'anN) = "= (]‘2)

N
1 Vxe 2\ U B, e),
n=1

and f € C%%(92) for some a > 0.

The particles’ centers are assumed to be randomly distributed according to the joint probability
density function fy(n1,...,nn), which is assumed to be invariant to permutations of the centers as
all particles are identical. Moreover, we assume that the inclusions cannot overlap, i.e.,

N <i<j<N:|ng—nl <2e= fn(m,...,nn) =0, (1.3)
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and that no inclusion can cross the boundary, i.e.,
N <i<N:dn;,002) <e= fn(m,...,nn) =0. (1.4)

Let
Jr(n, oo me) :/N . SN, My Mgty - IN) N1 -+ - AN
Nk

denote the k’th order marginal probability density. We assume here boundedness of the first five
marginal densities

I fellLo(ory <C V1I<k<5, (1.5)

where C is independent of N and e. We denote the expectation of any function F(z,-) € L'(£2V),
where x € {2, by

(F(z,-)) = o F(z,m,...,nn)dn - dny . (1.6)

We focus our attention on the small particle limit in a dilute (or dispersive [7] ) medium, i.e.,

_ 4w Né®
ﬁzgﬁ < l,ase—0, (1.7)

where 3 denotes the global volume fraction. Note that N may tend to infinity as € — 0. As a matter
of fact, we further assume that there exists C' > 0 independent of both € and 3 such that

C

In* -1

€ —
—<pB< 1.8
S<is (1)
The above inequality can alternatively be represented as

C = 3—1/4
? S N S /660ﬁ 9

with a different value of C. Note that by (1.8) it follows that N > Ce~2 and hence N — 0o as € — 0

Define, next, the local volume fraction for all x € 2
s@) =N [ pan, (19)
B(z,e)N2

where
R.={x € N|d(z,00) > ¢€}.

N
Note that §(z) is the the probability that z € |J B(nn,€). It follows from (1.5) that

n=1

1BC)llee < CB. (1.10)

Where || - ||, denotes the LP(£2) norm (p = oo above). When LP norms are evaluated over domains
different than (2, we shall include them explicitly in the notation.
Under the above assumptions we prove the following theorem
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Theorem 1. Let ¢(-,m1,...,nn) € HY(2) denote the unique weak solution of (1.1). Suppose that
(1.5) is satisfied. Let ¢ denote the solution of the effective medium problem

V- (aeVepe) =0 in 2 (1.11)
Pe=f on 012, ’
where 3 )
o—
e = 1—1—72_'_0 B(x) . (1.12)
Then, in the regime of (1.8), we have
() — dellr2 < C(2,0)8%2, (1.13)

where || - ||1,2 denotes the H'(§2) norm.

Throughout the sequel, we always refer to solutions in a weak sense, including places in the text
where we do not state that explicitly. Note that in Remark 2 we extend the result to a regime of 3
values which is larger than the one prescribed by (1.8). In return, we need to allow a greater error
term on the right-hand-side of (1.13).

The effective medium formula (1.12) was derived by Mossotti (1850) and Clausius (1879) and
is therefore known as the Clausius-Mossotti formula. For a formal derivation of this formula the
reader is referred to [11], which brings the classical derivation of Maxwell (1873) (cf. [9]). A rigorous
proof has been provided in a two-dimensional periodic setting by Rayleigh [14], for a proof in three
dimensional periodic medium the reader is referred to [7]. More general periodic settings have also
been considered [10,1].

For random media Kozlov [6] and Papanicolaou & Varadhan [13] proved an almost sure con-
vergence, as € — 0, of a more general version of (1.1), but for the case when a is stationary (or
statistically homogeneous), to an averaged equation with constant coefficients. An extension to the
case where a is only locally stationary is presented in [3]. We note that [6,13,3] present all an effective
qualitative analysis, but do not provide a technique for the quantitative evaluation of the effective
medium, in contrast with the present work.

An interesting proof of (1.12) is presented in [7], where an almost-periodic configuration of the
particles is assumed. A small random deviation of the inclusions’ centers from the lattice points is
allowed. The size of each sphere is also allowed to vary randomly on an interval [0, 7], where r is
much smaller than the period, to secure a dilute medium. The present setting is, of course, more
general.

Another approach was adopted by Berlyand and Mityushev [2], where a periodic array of cells
is considered. Each cell contains a finite number of randomly dispersed inclusions, whose volume
fraction is not necessarily small. They evaluate an effective conductivity, which is averaged both
in event space and over the cell. Note that by Theorem 1 the effective medium problem (1.11)
approximates the local expectation in event space in H'(f2) sense.

The rest of the contribution is dedicated to the proof of Theorem 1. In the next section we derive
some preliminary estimates for media with one or two inclusions. Denoting the solution of (1.1) with
a single inclusion by v, and without any inclusions (a = 1) by ¢ we set ¢; = 1 — ¢ to be the single
inclusion effect. We estimate V¢, far away from the inclusion using classical potential theory. We
obtain similar estimates for the two-inclusion problem.

In §3, we demonstrate that the leading order correction to the average field, is obtained by
averaging the sum of the contributions of each single inclusion, neglecting its interaction with the
rest of the particles. More precisely, we prove that

() — & — N{p1) |12 < C(2,0)5%2.
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In § 4, we show that (¢;) can be estimated by the average of the solution of a single inclusion problem
in R? with a constant temperature gradient at infinity. That temperature gradient is given by V¢ at
the inclusion’s center. The average of the temperature field can then be approximated by the solution
of (1.11). We note that the classical derivation by Maxwell [9] of the Clausius-Mossotti formula, takes
a somewhat similar approach by heuristically evaluating the average of the R? solution.

In the last section, we highlight a few points, that were insufficiently emphasized within the
analysis. Appendix A provides an estimate satisfied by the Green’s function of the Laplace operator
with homogeneous Dirichlet boundary conditions in (2.

2. Preliminaries

In the following we provide some H' estimates for the solutions of one-particle and two-particle
problems. To achieve this end we first derive, using standard potential theory an integral represen-
tation for the solution of (1.1).

2.1. An integral representation

Let ¢ denote a solution of (1.1). As ¢ is harmonic outside the particles we have [5], for all

N
x € N2\ U Bn,
n=1

_ L 99 0 1
¢($a7717~-~,77N) - /U OBout AR {may(gﬂnh777N)_¢(§7n17a77]\7)5(m):| ds§7

n=1

(2.1)

N

where ds¢ is an area element around ¢ € |J 9B U 92 , v(€) is the outward normal on 962 and
n=1

the inner normal on each particle’s surface, B,, = B(#,,€), and fanf« = lims |, faB(n’ 5 - We note

that by 0/0v we always mean V¢ -v. Let G : {2 x {2 — R denote the Green’s function of the Laplace
operator with homogeneous Dirichlet boundary conditions in {2, i.e.,

Gl(.€) = g, &) + —

drlz — €|’ (22)

where ¢(-, ) is harmonic in {2, for all £ € {2, and satisfies g = —1/(4w|z — &|) on 0f2. By Green’s
Theorem

0
/Llj 6Boutua_()|: (.’I} 6) ¢(§ 7]17777N)_¢(§7n1aa”N)aii(:I%f)} ng =0.

n=1

Adding the above to (2.1), while using the fact that G(z,-)|sn = 0, yields

oG
QS(xvnla"'vnN):/zL\j BBOW[ ({E 5) ¢(§ nla"'vnN)_¢(£anlv"'vnN)87(xa£)] ds§

/ o& m,...,nN) G(x{)dsE. (2.3)

Let ¢ denote the unique solution of
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Note that by the assumptions on 9f2 and f we have that ¢ € H*(f2) and hence also ¢ € C2%(2).

Since 50 5
4 = — —_— dS = — / e dS 5
¢ /arz d ov : o0 ¢ ov :

we obtain by (2.3) that for all z € 2\ Lj\j B,
oG
¢(I7n17"'a7]1\/ +Z/ ¢(faﬁ17--~77lN)*¢(§77717~-~»77N) ( g) dsf

aBout
(2.5)
Applying Green’s Theorem once again using the fact that both G(z,-) and ¢ are harmonic inside

B, forall1<n <N, when z € 2\ U B,,, we obtain

dBin v

where faB;n = lims e faB(nn,é)' Inasmuch as, for all s € 9B(0,1), we have

. o 90 ¢
i §(nn + 85) = lim ¢ (11 +05) 3 1im =7 (0 + 35) = o lim =7 (1 + 35) ,

we obtain that

1 0 oG
/330ut [7G(x7£)£(§7nlaanN> —¢(§,7717a77N)5(37,f)} dsf =0 V1 S n S N.

g

Combining the above with (2.5), and then using the fact that ¢ is continuous on 9B,, for all 1 <
n < N, yields

N

oG
B, 1) = B(2) + (0 — 1) Z/ e ) g (s Vo€ 2\ Bu (26)
n=1
2.2. Single inclusion
We next define the one-particle problem. Let
Q. = {Jf € ‘ d(x,&()) > 6}7 (27)
For every n € £2, let ¢1(-,n) : £2 — R denote the unique solution of
Ve(@mlnviatm) =0 m2 (2.8)
i) = f on 912
where
o x € B(n,e)
,n) = . 2.9
ar (@, 1) {1 U (2.9)
Set

¢1('a77) = 111)1(377) - ¢ (210)
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For all n € (2, define ¢o(-,n) : 2 — R as

-0 €
= — Vo 240 |z—n|3 € Q\B(ﬁvﬁ)
ol = (=)ot {éli U ieBme

(2.11)

Before we attempt to approximate ¢; by ¢y we bring here Theorem 8.16 in [4] in a simplified
version.

Theorem 2. Let u denote a weak solution of
V- (AVu)=V-F,

in some bounded domain 2 C R3, where A € L*>®(Q2) is wuniformly elliptic and
F € LI(2;R3) for some q > 3. Then,

[ulloc < C(lJullL=@0) + [Fllg)
where C' = C(|82],q, A).
We can now state the following

Lemma 1. Let ¢1 be given by (2.10). Define for each n € £2, ui(-,n) : 2 — R by

Ul(l”ﬂ?) :¢1(1377)*¢0(I777) (212)
Then,
1+3/q e
s ()l < Col2,0) (1910 4 2t ) (2.13)
for all ¢ > 3, and
5/2 ¢ 2.14
ur ()12 < C(Qag)(G + W) . (2.14)

Proof. By (2.8), (2.10), and (2.12) we have that
V- (a1Vur) = =V - (a1V(¢o + ) . (2.15)
Let ~
Yoz, n) = (x —n) - Ve(n) + ¢o(x,n) -
It is easy to show that 1o(-,n) is harmonic whenever |x — 7| # e. Furthermore, we have that
o ouy
v 9B(n,e+0) ov OB(n,e—0) ’

where Flsp(n,e+0) = lims o F'lap(n,e+s) for any appropriately defined function F', and v points in the
same direction on both surfaces. Consequently,

V- (a1[Vo(z,n) + Vé(n)]) = V- (a1Vep) =0, (2.16)
(cf. also [12] §3.3). Furthermore, as

V- (Vé(z) = Vo(n) =0,
we obtain, using (2.15) and (2.16), that

V- (ar(,mVui(-n) =V ([1 —a1(-,n)][Ve() — Vé(n)]) in 2
ul(" 77) = _¢0('777) on 0f2.
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As (recall that ¢ € C%(£2))

1L = ax (V) = Velllg =1 — Ulq/ V(z) = Vo (n)|? do < Ce™t

B(n,¢€)

and since

€3

. o < -
@0 (-, ML= (a02) < C'd(n’amQ ,

we can use Theorem 2 to complete the proof of (2.13).
To prove (2.14) we set
up =ui1 +u2,

where

{v (@1 Vurg) = V- ([1 = ay(z,n)][V(z) — Vé(n)]) in £2
uy,; =0 on 012.

Integration by parts, together with Poincaré’s inequality, readily yield that
12 < CII[1 = ai (] [VE() = Vo)][l2 < 2. (2.17)

It can be easily verified that u; 2 is the minimizer of

[l

I(wm)=/Qa1(n)\Vw(£,n)\2d€7

over the set
H (2) ={we H' (2)|w|oe = —¢o(-,n)lon} -

From the uniform ellipticity of a; we then get

[Vuislls <C min( )\|Vw||2~

H (2
Next, we use Poincaré inequality to obtain that some positive C' and C exist such that

lurollz < Jlure — w2 + lwll2 < C(|Vurzllz + [w]12) < Cllwll2, (2.18)

for all w € Hj (£2).
Set then
w(t,s) = C(t)oo(s),
in which ¢t = d(x,942), and s is the projection of z on 942, which is well-defined for all ¢ < §y (where

8o is a property of the smooth boundary). The cutoff function ¢ € C'(Ry;[0,1]) is supported on
[0,0], for some § < dy, and satisfies |¢'| < C/§. We then have

1
[wlff 2 < C<5 + 5) 160 (172 00y + COIVsdo ()20 - (2.19)

where V; denotes the tangential derivative on 92. By (2.11) and the smoothness of 92 we have

ds d€ €8
. 2, < 066/ £ < C’eﬁ/ <C . 2.20
[Po(-s )z CINE= oo [E— ]t = w2 [|€12 + d(n,062)22 =~ d(n, 912)? ( )

In a similar manner we obtain that

IVs¢0( M I72(00) < Cni
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which together with (2.20) and (2.19) yields

€8 €8

1
||w|\12<0(5+ ) T oa7 OO qany

Upon choosing
0 = min (d(n, 012), 50) ,

we then employ (2.18) to obtain

2<C

d(n, 092)%/2”
which together with (2.17) readily yields (2.14).
We next derive an L? estimate for V¢;.

Lemma 2. Let ¢ be given by (2.10). Then, for all (§,n) € £2 x {2,

9/2

W . (2.21)

Hv¢1(? 77) ||L2 (B(E,e)ﬂﬂ) S C(Q’ U)
Proof. We first use (2.6) with N =1 to obtain

1

oG
1(b1(.’1),77) = /83(7176) wl(g»n)%(‘xa§> d55 =

- O0G oG oG
Lo 00 @b [ wenGieodc [ umengeod (22)

OB(n,e)

for all z € 2\ B(n,¢). For the third term we have

v G @ Ods <t [ DG Odse,

€)

where || DG||(z, &) denotes some appropriate norm of the Hessian matrix V,V¢G. In appendix A

we show that
C(2)

le—¢p-
Consequently, as |0B(n,€)| < Ce?, we obtain by (2.13) that

ID*G|(x,€) < (2.23)

3 2

oG € €
V/ u1(&,m)—=—ds < Ot t3/a 4
| oo & o0 o|=c] d(naaﬁ)Q}d(wﬁB(n,E))B

3 2

=l oB. o) [+ d(n,69)2} » (229)

for all ¢ > 3.
For the gradient of the second term on the right-hand-side of (2.22) we have

3

V[ aenG@ods <lanle [ IDGIm g dse < O
B(n,¢) d

_— 2.25
B(n,e) d(‘r763(7]’€>)3 ( )
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Since z € 2\ B(n,¢), it follows that G(x,-) is harmonic in B(n,€). Hence, we obtain for the first
term on the right-hand-side of (2.22) that

v, G @ =[v [ ae —dm, e i

— €
gewo@/ D2G|(x, &) dse < C—F
” ” B(n) ” ”( ) 1 d(fL’,aB(n,E))?’

Combining the above with (2.24) and (2.25) yields

3
€
<C——F7——.
|V¢1($7’I7)| = d(x,é)B(n,e))3
It follows from (2.26) that (2.21) is valid whenever | — 7| > 3e. An additional bound, uniform in
£ and n, on ||Vo1|r2(B(e,e)) for [§ —n| < 3¢, would then complete the proof of (2.21). By (2.8) and
(2.4) we have that

(2.26)

{v- (@1V1) = =V (a1 Vg) = V- ([l —a]V¢) in 2 (2.27)

1 =0 on 992.
Multiplying (2.27) by ¢1 and integrating over {2 we obtain
[ aslVorde = [ 1= eV Vids < CIVO 2o Vlzcoin.
Consequently, since ¢ € C2(2),

IVér]l2 < C*/2,
which readily yields (2.21) for |£ — 5| < 3e.

Remark 1. One can obtain an effective L°° bound on V¢; by using the estimates of Li and Vogelius
[8]. Consider (2.8) in D, = 2N B(n,4e). Applying the transformation

P (2.28)
€

we obtain (2.8) once again in Dy, which is the image of D, under the above map. We consider again
two different cases: if D1 = B(0,4) (or equivalently if 8D, N 92 = 0) then we can employ Theorem
4.1 in [8] to obtain

V1]l Lo (B(0,3)) < Cig& 191 — 2|l oo (B(0,4)) »
where 1&1((30 — ’17)/6) = 11 (). By (2.26) and the fact that ¢ € C?(£2) we have that
||V1Z}1||L°°({‘)B(O,4)) = €|[V1l 9B (n4e)) < Ce. (2.29)
From the above and the maximum principle we thus get
;Iel]g 91 — 2]l L= (B(0,9)) < leel]g 191 — 2]l L (9B(0,4)) < Ce.
Consequently, applying the inverse map we obtain that

Vil (Bae) < C-
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Consider next the case where B(n,4e) N 92 # (. Applying again the transformation (2.28) we
obtain (2.8) in D; C B(0,4). We can then apply Corollary 1.3 in [8] to obtain

V1l L=(py) < leel]g [¥1 = zllcr (o) - (2.30)

Since by (2.29) and the fact that ||V f||L= a0y < C (recall that V denotes the tangential derivative
on 912) we have

[Vs¥h1l L= (am,) < Ce

we readily obtain that
Zlfelﬂ% 41 = zlcrv(ap) < Ce.

Combining the above with (2.30) yields

IVillLep.,y < C.

2.8. Two inclusions

We now proceed to consider a two-particle problem. Let ts(-,m1,72) : £2 — R denote, for every
(m,m2) € £2¢ X {2, the unique (weak) solution of

V- (az(-m1,m2)Viba(,m,m2)) =0 z € 2 (2.31)
Y2 m,m2) = f x €082,
where
az(x,m,1m2) = ar(z,m) + ax(z,m2) — 1. (2.32)

We assume in the sequel, without loss of generality, in view of (1.3), that | — 72| > 2e. For every
(m,m2) € 2 X £, we then define ¢o(-,n1,m2) : 2 — R and va(-,m1,72) : 2 — R by

Yo(x,m1,m2) = ¢2(x,m1,m2) + (),

and
U2('ﬂ]1>7l2) = ¢2(Iv7717’r]2) - ¢1(I, 771) - ¢1(I,772) . (233)

It is easy to show that

V- (a2Vv) = =V - ([a1(-,m2) = UV1 () + [a1(,m) — Vi (,7m2))  in 2 (2.34)
va(ym1,m2) =0 on 0f2. )
Consequently,

[Vva(,m,m2)llz < C{ll[ar (o m2) — V1 (,m) |2 + e (o m) — Ve (-, m2) 2}
and hence by (2.21) we obtain

9/2

_ 2.35
[ — nal? (2.35)

Voo (-ym,m2)|l2 < C

Next we prove, a two-particle version of (2.21).
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Lemma 3. Let vy be given by (2.33). Then, for all§ € 2 and (n1,m2) € 2 X e such that |y —nz| >
2¢ we have

€15/2

2
1
\771 n2[® | [E—m[? + [€— 772|3 SEQ\nL:Jan

[VvllL2(B(e,0ne) < C(£2,0) (2.36)

9/2

[m1—n2]3

2
¢e U Bn
n=1

Proof. We use (2.6) once again, this time with N = 2. By (2.6) with N =2

2
¢2(3:,m,772)=(0—1)/83 ke o) @ €)ds e O\ J B (230

n=1

Using the first identity in (2.22) we easily deduce that

va(z,m1,m2) = (0 — 1)[ ¢>1(§,772)8G($ §) ds¢

0B,

+ [ e G@odse+ [

oG
U2($7771,772)a*(33,§) d55:| . (2.38)
B2 OB1UOB; v

We first attempt to estimate the gradient of the last term on the right-hand-side of (2.38). Let
U = By U By and set
Vi :][ vodf i=1,2.
B;

Since G(z,-) is harmonic inside U, for all z € 2\ Uy we have that

/ 172718—Gd5:0 Z:1,2
OB; 31/

By Poincaré inequality there exists C' > 0 such that for any w € H'(B(0,1)) we have

[w =@ L20B(0,1)) < llw =D g1/209B(0,1)) < | — 0l z1(B0,1)) < CIVWL2(B(0,1)) 5

where @ denotes the average of w over B(0,1). Scaling B(0,1) by a factor of € then yields

0B < CeV?| Vsl p2py i=1,2,

where C' is independent of € and 4. Hence, with the aid of (2.35) we obtain

(z, )| L20B,) <

2
’v/aUz vzg—f ds‘ < c; [
€ 66

Cel/? ||V <C :
Vel g = O Rt vy

(2.39)

Let
¢1(n2, B1) = . $1(&,m2) dE .

As above, we have

[61(-,m2) — é1(n2, B1) || 12081y < C€2|V1(,m2) || 12(5y) -
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For the first term we thus obtain, with the aid of (2.21), that

oG -
’V - ¢1(§7U2)5d85 < Cll¢1(-,m2) = d1(n2, B1)|| 22080 |1 DG, )| 2(08:)

€ 66

<C
d(z,Uz)* = [m — m2f?d(z, U2)?

< OV (- m2) 228y (2.40)

Let d(z,Us) > €. We then have

1 1 1
<C + .
d(x,Uz)* {Ix—ml3 Iw—nzl‘"’}

Combining the above with (2.38), (2.39), and (2.40) yields for all z such that
d(z,Us) > ¢

|V’Ug‘ S C

¢ ! ! } (2.41)

+
I —me|3 [\x —mP |z —nef?
This proves (2.36) for £ such that d(&,Us) > 2¢. The case d(€, Us) < 2¢ readily follows from (2.35).

3. Error estimates

Let ¢ denote a weak solution of (1.1). We first represent ¢ in the following manner

N
1
¢(x37717"'577N +Z |:¢1 X 772 §ZUQ($7772)77]):| +U7 (31)
j=
J#i

in which ¢; is defined by (2.10) and vs by (2.33). We first derive a boundary value problem for w.
Clearly,

a(ffﬂhw-wﬂN) :1+Z[a1(35»77n) - 1]

n=1
Hence, by (2.4), (2.8), and (2.10)
— N —
—V - (aVe) ==Y V- (lar(z,m) — 1]V)
n=1 N ) N
==Y V-(a(z,0)Ve) = Y V- (a1(x,n) V1 (w,75)) -
n=1 n=1
It follows that
N
-V (a {V(Jg + Z Vo1 (z,n; D Z V- ([a1(z,mn) — a] Vi (2, mn)) - (3.2)
i=1
Using (1.1), (2.4), (3.2), and (3.1) we obtain that
N
(aVu) ZV ( a—ai(z Uz)]vdh(x ni) + . ZGVW(CU 7727”]))
j 1

JFi
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Using (2.34) we obtain that
V- (aVoa(z,ni,15)) = V - ([a — az(x,mi,1;)] Vva (2,13, 1)) -
V- (lar(z, ;) — V1 (@, 1) + [ar (@, m:) — 1]V (x,m;)) .
Clearly,
N
E:

z:l

(lax (z,m;) = V@1 (x,m:) + [ax (2, 1;) — 1V 1 (x,m:))

N)\)—l

MMZ

N N
=SS laneny) — U6 (),

i=1 j=1
J#i
and hence
N
=V (aVu) = Z V- ([a - a1(w7m)W¢1(w,m)+
i=1
a 1
> lar(x,m;) = 1V (2, m:) + gla- az(%mmj)]Wz(x,m,nj)) :
=1
Ji
As
N
a — al(mﬂh‘) = Z[al(xanj) - 1]
i=1
2

we obtain that

-V (CLVU) = %Zz]\il Z%l V- [CL - a’?(x777ia n])}VUQ(x7nl7n]) in £2
j#i

(3.3)
u=20 on 0f2.
It immediately follows from (3.3) and Poincaré’s inequality that
N N
HUHLQ S C”V’LL”Q S C Z Z[a - GQ(',ﬁianj)]VW('ﬂ?i,nj) (34)
i=1 j=1 2
J#i

We can now begin the estimate of the H' norm of the expectation of u. By (3.4) we have

2\ 1/2
)

Nz < {lull2)2 < C<

=17

N N
ZZ a— as(- Thﬂh)]VUz( Th,fb)
I

As

N
a — az(x,n;,1n;) E lai(z,nr) — 1],
k=1
kg{i.j}
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we obtain that

N N N
D207 D lanlom) = Vsl )

2\ 1/2
)
Since by (1.3) we have, with probability 1, that

lar(z, ) — a1 (z,mm) — 1] = (o — D]ar(z, nk) — Ykm
we obtain that

N

N
D> Voa(w,mimy)

Ve € 2,
N
i=1 j=1

2 1/2
|<u>|1,2gc[z</ dﬂ .
k=1 B(nwe) 15
i#k g {i,k}

By the multi-particle symmetry of the joint probability distribution we thus have

()2 < CNWK /B(m,e) 2dx>r/2. (3.5)

Next, we evaluate the integrand in (3.5) to obtain, in view of the symmetry of va(x,n1,72) with
respect to 71 and 7, that

N

Y Voa(x,mi,m;)
ij=2
i

N 2 N
/ Z V’UQ(xunh'r]j) d(E:/ Z |vv2(x7777,777j)|2dx+
B(me) 1 j=2 B(me) j j=2
J#i J#i

N
Z V'UZ(I,mvnj) ! VU2(I777i777m) dr+

m=2

N
',
B(lee) i,jZ:2
i

mg{i,j}
N N
/ Z VU2($777i777j) : VU2($777ka77m) dz (36)
B(m,e) j j=2  km=2
J#i

kg{i,5} me{kij}
The expectation of the first term on the right-hand-side of the above identity is given, in view of
the multi-variable symmetry of fy, by
N
([ % walmnlie) = -nw-2( [ [Va@mmPa). 6D
B(n1,€) 37;&:2 B(n1,€)

For the second term on the right-hand-side of (3.6) we have

m=2

j#i mg{i,j}

N N
</ Z Z Vg (z,m;,n;5) - va(x,ﬁi,nm)d$> =
B(m€) 4 j—2

Y] Vo (%ﬂﬂ?)‘vv (%ﬂﬂ?)dx> (38)
(N_4)!</B(n1,e) 2 2,73 2 2, 14



Averaging of dilute random media: a rigorous proof of the Clausius-Mossotti formula 15

Finally, for the third term we get

N N
</ Z Z V’UQ(I',T]Z‘,"?]‘) . VU2(3?777ka77m) d$> =
B(ne) jj=2  km=2
JFi k&{l,j} mg{kﬂv]}
(N =1)! </
T sz(ﬂﬂ,nz,ﬁs) : VU2($,W47775)d93 . (3~9)
(N =5)'\ JB(n,e)

We next estimate each of the above terms separately. For (3.7) use is made of (1.7) next to (2.36)
to obtain

- -2( [ o V(o) ) <

CN2< 615 |: 1 i 1 :|2>
2 — 3|0 Llne —m > |ns —m?

- 1
< C€9ﬁ2/ 5 5.f3(m,m2,m3) dim dna dns .
o Im = n2(®ln2 — |

Clearly,

1
[ .  dngdis <
2\B(n1,€) J 2\B(n2,¢€) Im — n2(%[m2 — nal

1 | Rdr\2  C
[ [ e ([ 5 <6
O\B(n1,¢€) I — n2l e T e T €

where R = diam {2. Using the boundedness (1.5) for £ = 3 we then obtain

(N~ 1)V - 2>< / ) dw> < Cé. (3.10)
n1,€

For the right-hand-side of (3.8) we have

(N —1)!

(7 T Tt )| <

CN* (V2,12 1) | 23 | V02 12010 23 )5 (3:11)

which, with the aid of (2.36) becomes

(N —1)!

MK /B(m,e) Ver(e ms) vv2($’n2’n4)dx>‘ =

_ 1 1 1 1
cei [ + I + ]
o Lne —m P Inz —mBlne —ml®  pa —m P

1
‘772 _ 7’]4|3‘T]2 _ 773'3 f4(n13 7]277737774) dnl an d773 d774 :

Hence, by the symmetry of the roles of 13 and 7y,

(N —1)!
(N —4)!

. 1 1 1
0665‘3/ [ st 6} 3 5 fa(n,m2,m3,m4) diy dna dns dna (3.12)
024 |772—771| \773—771| |772—774| |772—773\

([ Vealwmm) - Toalo.mm) do)] <
B(n1€)
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As before we have that

R
d
/ ———dny < 0/ T <Cme. (3.13)
2\B(n2,,€) |772 - 774| e T

Furthermore, in a similar manner, one can show that

1 1 Clne !
6 3 d773d772 S - 3
A\B(ne) J2\B(na,e) 112 =M1 [n2 — n3] €

Substituting the above , together with (3.13) into (3.12) then yields

(N — 1)!‘ / 333112
— Vg (x,m2,m3) - Voa(x,n2,n1) da ‘ <CefB°In“e. (3.14)
(N —4)! < Bln,e) >

Finally, we estimate the right-hand-side of (3.9) in a similar fashion to obtain
N —1)! -
()'< / Vo (x,m2,1m3) + Voo (x,n4,15) da:> < CeB*inte. (3.15)
(N - 5) B(n1,€)

We then combine (3.5)-(3.15) to obtain

()12 < CBY2[6% + B2 In* e + 34 In" €]'/2. (3.16)
By (1.8) we thus obtain 3
()12 < CB2.
We next seek an estimate for the H' norm of the second sum on the right-hand-side of (3.1). Let

N N

‘/2('7;’7717' .. 777N) = ZZW(%U%W)
i=1 j=1
JFi

Clearly,
V<V2($7n1a e anN>> = N(N - 1)<vv2($>771a772)> .
By (2.36) we have for all £ € 2

B 1
IV V) 2o ney < O3 [
l22(B.0n2) 2B Jo l&=mPlm —n

1 / / 1
= == fa(n1,m2) | dnadny . (3.17
€ B(&,e)n2 J0 I — n2|? ( )} ( )

IV (Vo) r2(B(e,0na) < Ce¥/23*In’¢,
from which it easily follows, using Poincaré’s inequality, that
[(Va)ll1,2 < CHIn*e. (3.18)

The foregoing discussion can be summarized as follows

2|3f2(7717772)d772d771+

Consequently, for all £ € 2

Proposition 1. Let ¢ denote the (weak) solution of (1.1). Then, under the assumptions (1.5) and
(1.8) we have that - -
() — & — N{pn)|l2 < CB*>. (3.19)

Proof. The proof follows immediately from (3.1), (3.5), (3.18), and the fact that

<§:¢1(wmi)> = N(61).
i=1
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4. Effective medium

To prove Theorem 1 we need to show that the estimate of (¢) provided by (3.19) is a good
approximation for the solution of the steady-state heat equation in a continuous medium whose
conductivity is a function of both the inclusion’s conductivity o and the volume fraction (3(zx).
Consider then the following problem

{v (ae(z)Vee) =0 in 2 (410)
o=f on 012,
where
ae(z) =1+ ~(x), (4.1b)
in which -
7l < CB, (4.1¢c)
and
Qe > 5 (4.1d)

for all z in (2.
For the solution of (4.1) we can prove the following estimate

Proposition 2. Let ¢. denote the unique solution of (4.1). Then
[pe =+ ATHV - (7V))[1,2 < CB>. (4.2)

In the above A~' denotes the inverse Laplace operator in H}(2), i.e., for any F € H=*(2), w =
A~LF s the unique (weak) solution of

Aw=F 1in {2
w=20 on 802

Proof. We bring in brief the proof of this standard result. Set
Ue = e — o+ AT (V- (7V9)).
Then,

V- (aeVue) =V -{yVATH(V - (7V¢))} inf2
Ue =0 on 0f2.

Consequently, as a, > 1/2 we have that
Vel < CAVATHV - (799)) [, < CllIVATH(V - (7V9)) ]2 <
ClllsollvVell2 < ClIVIZ V|2 -
From (4.1c) we then get (4.2).

We next show that N (¢1) can be expressed as the inverse Laplacian of V-(yV¢) for an appropriate
choice of 7.

Lemma 4. Let ¢1 be given by (2.10). Then,

[vton + 25 =D an (v (39a) |, < cet2s (43)
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Proof. By (2.27) we have
—-A¢p; =V - ([al(z,n) — [V (z,n) + ti_)(:c)]) .
Hence, we can employ (2.12) to obtain
~Adr =V - ([ar(z,n) = 1[Vo(z,n) + Vé(2)]) + V- ([ar(x,7) — 1Vui(z,n)), (4.4)

where ¢q is given by (2.11).
Denote by ¢1,1 the weak solution of

{A¢1,1 = %%V- ([a1(z,n) —1]VP(z)) in £2,

! (4.5)
$1,1=0 on 012.

To facilitate averaging, we represent the above problem in its weak form. Let then x € C§°(f2). The
weak formulation of the last equation, with the aid of (2.11), reads

3 _
[ v Vorde =32 [ Vi laen) - 196 do.
Q toJo
Taking the average of the above equation yields
3 _
Vi Viona)do = 52— [ Ve (anen) - 1) V() do. (16)
Q2 +o o

(Recall that as ¢1,1 € H () we have (V¢ 1) = V{(¢1,1).) Clearly,

Bz
(ot -1 =@-1 [ pwd=-ni, (4.7
B(z,e)N$2
where (2, is defined by (2.7) and 8 € L?({2) is given by (1.9). By (4.6) and (4.7) it follows that (¢ 1)

is a weak solution of

Hence,
Niorn) = =27V am (v (999)). (49)

Set
o1 =¢11+P12. (4.9)

By (4.4) and (4.5) we have that

{—A¢1,z = V- (lar(e.n) = 1| $53 V() + Vool —n) + Vur(z,m)] ) in 2, (4.10)

$12="0 on 912
By (2.11), since a1 (z,n) = 1 whenever x ¢ B(n, €), we have that

oc—1
240

[ax(z,n) = 1V ¢o(x,n) = —[as(z,n) — 1] Vo(n) .

Substituting into (4.10) then yields

{—A¢1,2 =55V (lai(z,n) = 1[Ve(z) = Vo)) + V- (lai(z,n) = 1Vui(z,m)) in 2,
$12=0 on 2.
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As in (4.6) we readily show that

[ Voo = = [ Vi (aran) = 1)[§ Vo) — Vo) + Va (o)) o
Hence,
19012l < S s () = UIVE0) = VoDl + aam) = UVu ol (4.11)

Since by (1.5) we have that
[{la1(z,n) = 1][Ve(z) = Vo)) < C oo V() = V()| dy < Ce*

uniformly in z, it readily follows that the first term on the right-hand-side of (4.11) obeys a similar
estimate

[{lar(-,n) = 1[VE() = Vem)])ll2 < Ce.
For the second term we have by(1.5) that

ercom = vmemig=e [ [ [ [wumlin] a <

063// |V’LL1(1'717)|2d7’]d(E§C€3// |V (z,n) ] dydz .
2 J B(z,e)N{2, 2 J982.

With the aid of (2.14) we then obtain that

Klax (-, m) = UV () < 063/ IVus (-, )3 dn <

€

Ced [65/2+L}2d < C€’
o dm, o)) =T

€

Hence, from (4.11) we get )
INV{(p1,.2)|2 < Cﬂel/z .

Combining the above together with (4.8), (4.9), and Poincaré’s inequality yields (4.3).

Proof (Proof of Theorem 1). Combining (4.3), (3.19), and (1.8) yields

_ 30-1 . .
— i S . H < (B3/?,
[0) — 6+ a7 (v 3ve)| <08
To complete the proof we need only show that if we choose
_3e-1)
240

then both (4.1c) and (4.1d) hold, but this follows immediately from (1.10) and (1.7). The Theorem
then follows from (4.2).

Remark 2. One can relax the limitation imposed on 3 by the upper bound of (1.8), by allowing a

larger error in (1.13). Thus, if we require that § < In~2+%) (¢=1) for some 0 < § < 2 we can replace
the right-hand-side of (1.13) by C3'*+%/(2+9)_ This can be readily verified using (3.16) and (3.18).
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5. Concluding remarks
In the following we illuminate a few key points that were only briefly considered, if at all,
throughout the previous sections.

Higher order terms: In principle one can continue the expansion (3.1) to include O(3*) terms. Let
u be defined by (3.1). The next order term can be obtained by setting N = 3 in (3.1). We then

obtain
u= Z V3(Z, My s Mgy Mg ) + - - -
ni,n2,n3
where the summation is over all the C%; 3-combinations of {1,..., N},

03(337771,7]2’773) = ¢3(x777137727773) - [U2(337771a772)+
va(x,m1,m3) + v2(x,m2,m3) + d1(x, M) + d1(x,m2) + d1(,7m3)],

and ¢3 = 13 — ¢ where
V- (a3Vy3) =0 in 2
3= f on 0f2.

In the above
az(x,m1,n2,m3) = ar(x,m) + a1 (w,n2) + ai(z,n3) — 2.

One may recursively construct the series up to an O(3*) error for any k € N. These, of course,
would be asymptotic series in the limit 3 — 0: it is very difficult to determine whether they also
converge as k — oo using the techniques employed in this work.

C® convergence: Once higher order terms are obtained (at least up to k = 4) it seems possible to
obtain, with the aid of Li & Vogelius’ estimates [8] a C* convergence, for some positive «, of ()
to ¢, using estimates that are similar to (2.13). Note that to obtain (3.19), it was necessary to
introduce into (3.1) not only the first order correction 25:1 é1(x,mn) but also the O(?) term
>_i; v2(2,ni,n;). The reason for that becomes clear once we notice that in (3.5) we need to raise
to the power 1/2 integrals that are supported on a small set. Consequently, instead of getting
an O(f3°) error we obtain an O(3%/?) one. If we seek C® convergence, then, the DeGiorgi-Nash-
Moser theory [4] would require us to raise the integrals in (3.5) to the power 1/q, for ¢ > 3.
Hence, to obtain an error which is much smaller than O(/3) we need to include at least three
terms in the expansion (3.1) (and then the error would be at least O(3%/9) for any ¢ > 3)

Logarithmic errors: The lower bound in (1.8) appears to be in line with the expectation that N
is large, though the analysis can perhaps be performed under a weaker constraint. In contrast,
the upper bound appears to result from the crudeness of our estimates. There are two different
steps that produce error terms of O(5%In® €): the first is the derivation of (3.12) and (3.15), and
the second is the estimate (3.17). In both cases one can hope that better results are obtained
through the derivation of a leading order approximation of ¢o similar to the one obtained for
¢1 in (2.14). The approximation can, perhaps, be obtained from the solution of (2.31) in R3
assuming linear asymptotic behaviour of ¢ as |x| — oo. It seems worthwhile to note here that
eliminating the upper bound in (1.8) may facilitate a comparison between the results of stochastic
homogenization [6,13] with those obtained in the present work.

Stationarity: An interesting point to note is that the gradients of the various marginal probability
densities, or ||V fi|lo for any 1 < i, need not be bounded as ¢ — 0 in order to obtain (1.13).
However, if we attempt to replace the average in event space in (1.13) by a local spatial average,

i.e., by
pdr,
][;(m,r)
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for some 371/3 < r < 1, boundedness of ||V f;|| should most probably be assumed for the first
few probability densities. Such an assumption can be interpreted as “quasi-stationarity”. Note
that in [6] stationarity of the probability law had to be assumed in order to apply Birkhoff’s
Theorem so that equivalence of the different averages is established.

Generalizations: The present technique can certainly be generalized in several different directions:
the inclusions’ shape may vary, and can be assumed to have a random character. One would
still need to solve one-particle and two-particle problems - just with a different shape. One can
also consider a(z) which is non-constant both inside and outside the inclusions. The estimates
obtained using potential theory would have to be generalized in this case. Problems of linear
elasticity seem tractable as well.
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to the anonymous referees for numerous comments and suggestions that had greatly enhanced the quality of
this work. The author gratefully acknowledge Professor Howard Brenner’s conribution, as some basic ideas
from this work first arised while the author was working with him on a different problem.

Appendix A. Proof of (2.23)

Let £2 C R3 be bounded with smooth boundary 92 € C%% for some a > 0. For some € > 0, we
define 2. as
N.={z e NR|dx,00) < e}.

Let 6o > 0 be sufficiently small so that for every y € {25, there exists a unique point § € 92 so that
d(y,082) = |y — y|. Denote the reflection of y with respect to § by y*. We begin by the following
elementary lemma

Lemma 5. There exists C > 0 depending only on (2 such that

1 1
sup - —| <
(,y)E0N2X Q25,2 |z —yl |z — y*|

C. (A1)

Proof. Let y € §25,/2. We set the origin of a coordinate system at its projection on 942, i.e.,
g = (0,0,0). We further set y = (0,0,d) and hence for the reflection point we have y* = (0,0, —d).
Let = (x1,22,23) € 012, and let r = |z — y| and r* = |z — y*|. By the smoothness of 9f2 there
exists Cy(£2) and €;(£2) such that

lzs] < Co(x? +3) € B(0,e1).
Without loss of generality we can assume d < €;/2, otherwise min(r,7*) > €;/2 and hence

1 1) 2
‘ <

ro r*l T g

When (22 4x3+232)'/? > ¢; the above inequality remains valid since it easily follows that min(r, r*) >
€1 /2.
Let x € B(0,¢;). Clearly,
1 1 4d.’1?3

T ()
Consider first the case d? < Cydo(z? + x3). Here we have fact that

3/2c1/2 (43 + 23)%/2

1 1 3/2:1/2
I <4078 <2075, 7.
’r r*‘ = 70 "0 rrr(r+r*) T 00
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For the case d* > Cydp(z3 + 23) we have

d2

<
|.%‘3|_ 507

which would mean in particular that |z3] < d/2 and hence that min(r,7*) > d/2. Consequently,

‘1 .4 & 1
roor*l T Sorrr(r+r*) T &
Proof (Proof of (2.23)). step 1: We first prove that
e
Gz, 8)| < . A2
Gl < o (A2)
Let g be given by (2.2). Since ¢(-,£) is harmonic for all £ € {2 we have by the maximum principle
1
. < . oo < — .
||9( 7§)||o<> = Hg( ,§)||L (002) = 47rd(§,89)
Consequently,
1 diamQ
sup |z —€]G(2,6) < — + S < (A.3)
(2.6)€2x 2\ 252 dm - 2mho
Suppose that § € {25, /2. Set then
(2,6) = b, ) ~ -
AnO =m0 =
Since h is harmonic in {2 we have by the previous lemma that
sup  [|A(-,§)llc = C'. (A.4)
EEN2s5/2
Furthermore, since
1 1
u= —
2 =& [z ¢
is harmonic in 2\ {¢} and since u,_,¢ = —00, we obtain that
e S e Oy € Tt 4O (A.5)
> us -, (9 S . .
o =&~ Jz —¢] EROR = o —¢]
Consequently,
1 [z —¢]
wp g <+ s | ETE e ap b)),
(2,6)EQX 2\ 25, 2 T (2,£)e2x2\25, 2 | ATIT = &1 (2 o) eaxon2,,
which by (A.4) and (A.5) yields
s |-G < C.
(%,£)€02X N5 /2
One can now readily verify (A.2) from the above and (A.3).
Step 2: We next show that
C
VeG(2,8)| < —— . A6
VeG.6) < g (A6)
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Let 6(£2) > 0 be the same as in Lemma 6.5 in [4]. We set d2 = min(d,dp). Suppose first that
x € 2\ (25,/5. Let 01 = min(d2/2, |z — &[/2). Since G is harmonic in B(x,d;) we can apply to it
Theorem 4.8 in [4] to obtain, with the aid of (A.2), that there exists C' > 0, which is independent of
z and & such that

C C
V.G(z, &) < —|G(-, ~(B(z,61) S T+ -
V2w, )1 < 5 IGCOlim o) < g
Hence,
sup | |o—€PV,.Gz,8) | < C. (A7)

(z,8) €0\ 025, /2% 02

Next, let @ € §25, /2. In this case we distinguish again between two different cases

1. o —¢| < 3d(x,092),
2. |z — ¢ > 3d(x,012).

In case 1 we us the fact that G is harmonic in B(z, |x — £|/4) to obtain, as before, that

c C
z—¢] NG Lo (B, jo—cl/a) < 515 (A.8)

V.Gl €)] < —

In case 2 we denote by Z the projection of z on 942. Set further d3 = 3d(x,012)/2 < §. Let D =
B(z,d5) N 2. Then, since G is harmonic in D we obtain by Lemma 6.5 in [4] that there exists C' > 0,
independent of &, such that

C
1GC =) < 55 - (A.9)

c

(x,0D \ 012)
Combining the above, (A.7), and (A.8) yields

sup | |z — £*V,G(x, ) | <C.
(2,£)€Qx R

The symmetry of G then yields (A.6).

Step 3: We now complete the proof of (2.23). To this end we apply the procedure of step 2 to
0G(x,£)/0¢; for each i € {1,2,3} to obtain that

sup ||z — €PPV,0G(x,€) /0 | Vie{1,2,3},
(z,£)eNx N2

(note that 0G(z,£)/0¢;|zco0 = 0). This completes the proof of (2.23).

Remark 3. While Lemma 6.5 in [4] is stated for B(Z, p) N {2 for p = ¢ it is also valid for any p < ¢
as is evident from the proof. Furthermore, there is no need that G would be harmonic in 2: it is
enough that it is harmonic in D. Finally, while the statement of Lemma 6.5 would require a bound
on ||G(+,§) |z (0), it is again evident from the proof that (A.9) is correct also with ||G(-, &)z~ (p)-



24

12.

13.

14.

Y. ALMOG

References

H. AMmMARI, H. KANG, AND K. TouiBl, Boundary layer techniques for deriving the effective properties
of composite materials, Asymptot. Anal., 41 (2005), pp. 119-140.

L. BERLYAND AND V. MITYUSHEV, Generalized Clausius-Mossotti formula for random composite with
circular fibers, J. Statist. Phys., 102 (2001), pp. 115-145.

A. BOURGEAT, E. MARUSVSIC, AND A. MIKELIC, Effective behaviour of a porous medium containing
a thin fissure, in Calculus of variations, homogenization and continuum mechanics (Marseille, 1993),
vol. 18 of Ser. Adv. Math. Appl. Sci., World Sci. Publ., River Edge, NJ, 1994, pp. 69-81.

D. GILBARG AND N. S. TRUDINGER, Elliptic partial differential equations of second order, Classics in
Mathematics, Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

O. D. KELLOGG, Foundations of potential theory, Reprint from the first edition of 1929. Die Grundlehren
der Mathematischen Wissenschaften, Band 31, Springer-Verlag, Berlin, 1967.

S. M. KozLov, The averaging of random operators, Mat. Sb. (N.S.), 109(151) (1979), pp. 188-202, 327.
——, Geometric aspects of averaging, Uspekhi Mat. Nauk, 44 (1989), pp. 79-120.

Y. Y. Lt AND M. VOGELIUS, Gradient estimates for solutions to divergence form elliptic equations with
discontinuous coefficients, Arch. Ration. Mech. Anal., 153 (2000), pp. 91-151.

J. C. MAXWELL, A treatise on Electricity and Magnetism, vol. 1, Clarendon Press, 1881.

. G. W. MiLTON, The theory of composites, vol. 6 of Cambridge Monographs on Applied and Computa-

tional Mathematics, Cambridge University Press, Cambridge, 2002.

. G. C. PAPANICOLAOU, Macroscopic properties of composites, bubbly fluids, suspensions and related prob-

lems, in Homogenization methods: theory and applications in physics (Bréau-sans-Nappe, 1983), vol. 57
of Collect. Dir. Etudes Rech. Elec. France, Eyrolles, Paris, 1985, pp. 229-317.

G. C. PApANICOLAOU, Diffusion in random media, in Surveys in applied mathematics, Vol. 1, vol. 1 of
Surveys Appl. Math., Plenum, New York, 1995, pp. 205-253.

G. C. PAPANICOLAOU AND S. R. S. VARADHAN, Boundary value problems with rapidly oscillating random
coefficients, in Random fields, Vol. I, IT (Esztergom, 1979), vol. 27 of Colloq. Math. Soc. Jadnos Bolyai,
North-Holland, Amsterdam, 1981, pp. 835-873.

J. W. S. RAYLEIGH, on the influence of obstacles arranged in rectangular order upon the properties of
a medium, Philosophical Magazine, 34 (1892), pp. 481-502.

Department of Mathematics, Louisiana StateUniversity, Baton Rouge, LA 70803, USA.



