The Clausius-Mossotti formula in a dilute random
medium with fixed volume fraction.

Y. ALMOG *

Abstract

We consider a medium composed of randomly dispersed spherical, identical,
inclusions in a bounded domain, with conductivity different than that of the
host medium. We study the limit where the number of the inclusions tends to
infinity but their volume fraction remains fixed. For small volume fractions,
we prove convergence, in WP norm (1 < p < 2), of the expectation of the
solution of the steady state heat equation, to the solution of an effective medium
problem, where the conductivity is given by the Clausius-Mossotti formula.
This improves a previous result which required that the volume fraction tends
to zero as the inclusions’ number goes to infinity.

1 Introduction

Consider N spherical inclusions of conductivity o and radius e immersed in a different
medium of conductivity 1. Prescribing the temperature (or the electric potential) on
the boundary, the temperature field inside can be described as the unique, weak
solution of the problem

V- (a(z,m,...,nn)Ve) =0 inQ, (1.1)
b= f on 0f2. .

In the above, Q C R3 is bounded and smooth (say C?%7 for some positive 7), {n;}X,
denote the spherical inclusion’s centers, and

N
o Vre | B(n,e),

a‘(‘T?nla s 777N) = n=t N (12)
1L VeeQ\ U B¢,
n=1
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and f € C?7(99Q) for some v > 0.

The particles’ centers are assumed to be randomly distributed according to the
joint probability density function fy(n1,...,nn), which is assumed to be invariant to
permutations of the centers as all particles are identical. Moreover, we assume that
the inclusions cannot overlap, i.e.,

N <i<j<N:|np—ni<2e= fn(m,....nn)=0, (1.3)
and that no inclusion can cross the boundary, i.e.,
N <i<N:dn,o) <e= fn(n,...,nn)=0. (1.4)

Let
fk(nlv'--ank) :/N kfN(nlv'"ank777k+17"'anN)d77k+1"'ana
QN—Fk

denote the k’th order marginal probability density. We assume here boundedness of
the first three marginal densities

[ fillpoeory < C V1 <k <3, (1.5)

where C' is independent of N and e. Note that in [1] the same assumption was made
for 1 < k < 5. We denote the expectation of any function F(z,-) € L'(QV), where
x € €1, by

Ef(F($7 )) = /N F(z,m,..onn) v, .onn) dip- - dn (1.6)
)
To the above assumptions on fy we add the following set of assumptions

falmeums/m) = fa(ne/m) fo(ns/m) + g(n1,m2, ), (1.7a)

in which ¢ satisfies

—f2(U2/U1)f2(ﬁ3/ﬁ1) 172 — 3] < 2€
9(m,m2,m3) = {0 2 —m| < 2€ (1.7b)
1n5 —m| < 2e.

Furthermore N

lg] < Ca (1.7¢)

72 — ma|®”
for some a > 0. In addition, we have that

folma/m) = C fa(na/m), (1.7d)



We further assume that

Fo(nz/m) = ha(In2 = m|)ha(ns) . (1.7e)

where hy : Ry — R, is bounded, measurable and satisfies hq(z) = 0 for all z < 2e,
and hy € Lip(2,R,) has a global Lipschitz norm L which is independent of N and
¢, and satisfies ho(z) = 0 whenever d(z,002) < e.

The above assumptions, except for (1.7e), represent a requirement for some mild
asymptotic independence of the inclusions’ centers 7, and 73, when the location of 7,
is given. Note that (1.3) does not allow for independence, and hence, it is necessary
to assume (1.7b). Property (1.7c) assumes decay of the interaction between 7, and 13
as the distance between them grows. The condition (1.7d) reconciles the asymptotic
decay of the interaction (1.7c¢) with the expectation that

/Q Falns s /) dis = folna/m)

(Note that C' must be close to 1 in view of (1.7c).) Finally, (1.7¢) assumes short
range radially symmetric behaviour of the conditional density fa(n2/m1). One case in
which all the above assumptions are satisfied is the uniform distribution case, i.e,

0 J<i<j<N:|p—n<2e
v, ..omn) =40 N <i<N:dn,o0) <e

Cy otherwise,

where the value of Cy is obtained through the requirement that Pr(QY) = 1. Natu-
rally, (1.7) represents a much wider class of probability measures.

We focus our attention on the small particle limit in a dilute (or dispersive [8] )
medium, i.e., we first let € — 0 but keep the volume fraction 3 fixed, where

41 Né

and then let 8 — 0. Note that N must tend to infinity as ¢ — 0 when 3 is fixed. We
may allow 3 and € to simultaneous tend to 0 as long as for some 1 < p < 2, there
exists C' > 0, independent of both € and 3, such that

2p—1
€ P

C

The above inequality can alternatively be represented as

<. (1.9)




with a different value of C. Note that by (1.9) it follows that N > Ce~®+D/P and
hence N — 0o as € — 0 . In [1] we have assumed (1.9) with a greater lower bound,
and together with an additional upper bound, i.e.,

C

)
Int et

€ _
— <
o <f=

(but (1.7) is not needed there).
Define, next, the local volume fraction for all z € Q

8@ =N [ . (1.10)
B(z,6)NQe
where

Qe ={z€Q|d(x,00) > ¢€}. (1.11)

N
Note that §(x) is the the probability that z € |J B(nn,€). It follows from (2.8) that

n=1
1B(:)lee < CB. (1.12)
Where || - ||, denotes the LP(2) norm (p = oo above). When L? norms are evaluated

over domains different than €2, we shall include them explicitly in the notation.
Under the above assumptions we prove the following theorem

Theorem 1. Let ¢(-,m1,...,ny) € HY(Q) denote the unique weak solution of (1.1).
Suppose that (1.5) and (1.7) are satisfied. Let ¢. denote the solution of the effective
medium problem

V- (a.Vge) =0 inQ (1.13)

G =f on OS2,
where 3 )

o —

ae = 1+—2+J B(x). (1.14)

Then, in the regime of (1.9), for the same 1 < p < 2, we have
Sptl_1
IEf(¢) — @ellip < C(Q0)57 "2, (1.15)

where || - |1, denotes the WHP(Q) norm.

Throughout the sequel, we always refer to solutions in a weak sense, including
places in the text where we do not state that explicitly.

The effective medium formula (1.14) was derived by Mossotti (1850) and Clausius
(1879) and is therefore known as the Clausius-Mossotti formula. For a formal deriva-
tion of this formula the reader is referred to [12], which brings the classical derivation
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of Maxwell (1873) (cf. [9]). A rigorous proof has been provided in a two-dimensional
periodic setting by Rayleigh [14], for a proof in three dimensional periodic medium
the reader is referred to [8]. More general periodic settings have also been considered
10, 2].

An interesting proof of (1.14) is presented in [8], where an almost-periodic configu-
ration of the particles is assumed. A small random deviation of the inclusions’ centers
from the lattice points is allowed. Berlyand and Mityushev [3], consider a periodic
array of cells containing a finite number of randomly dispersed inclusions, whose vol-
ume fraction is not necessarily small. They evaluate an effective conductivity, which
is averaged both in event space and over the cell.

In [1] a similar result is established with the following differences:

1. The bound is on the H! norm, with an error of 3%2, i.e., it is established that

IBf(8) = ell12 < C(92,0)5%2,

Compare the above with (1.15) where the estimates are on weaker norms with
larger errors.

2. Boundedness of five marginal densities is assumed, whereas here we need only
three.

3. (1.7) is not assumed. Instead we assume that

C

In*e1

B <

(1.16)

Had we assumed here here boundedness of five marginal densities, then, it would have
been possible (most probably), using the techniques employed in this work, to obtain
the following bound

HEf<¢> - ¢e”1,p S C’BPTJ?1 .

Thus, compromising on weaker norms should allow for a smaller error (and so would a
higher number of bounded marginal densities). We note that the trade between (1.16)
and (1.7) allows for an easier comparison with results from random homogenization
theory [7, 13]. Some significant progress in this direction has recently been reported
in [11], though for a very different setting.

The rest of the contribution is dedicated to the proof of Theorem 1. In the
next section we cite and obtain some regularity results, and derive some preliminary
estimates for media with one inclusion. In § 3, we use (1.7) to obtain a bound on the
average of the single inclusion solution obtained in §2. Finally, in §4, we complete
the proof of Theorem 1.



2 Preliminaries

2.1 Some regularity results
The following Proposition is a straightforward result of Section 4.3 in [5].

Proposition 2.1. Let 1 < p < 2. There exists a weak solution, u € WHP(Q), of

Au = di n )
u=divf in (2.1)
u=20 on 0N} .
where f € LP(Q,R?). Furthermore,
IVull, < Cllflp - (2.2)

Proof. Clearly,
|Vul|l, = sup / Vu- Fdz,
Q

IFlq=1
where ¢ = p/(p — 1) denotes the Hélder conjugate of p. Let then || F||, = 1. Since
q > 2, we have by §4.3 in [5] (cf. also Proposition 11.6.2 in [4]) that a weak solution
v e WhH(Q) exists for

(2.3)
v=20 on 0f).

By Theorem 4.6 in [5] (cf. also Corollary 11.6.1 in [4]) we have that there exists
C(£2,p) > 0 such that

{—Av:V-F inQ

Volly < ClFll, < C- (2:4)

Suppose first f € C°°(Q,R?). Then, there exists a unique solution u € W1r(Q)
for (2.1). Multiplying (2.3) by u yields, after integration by parts, with the aid of

| [u-Fad] = | [ £-9vds| < pf1,v00, < CU,

Taking the infimum with respect to all F' € L9(2,R?), with unity norm, yields (2.2)
for all f € C*°(£2,R?). The proof of the Proposition for all f € L?(Q2,R?) follows by
density. O

Consider next the problem,

{div AVu=divf inQ (2.5)

u=0 on 0f).

where A € L>(), M3y3) is uniformly elliptic, and f € LP(2,R3). Here we prove
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Lemma 2.1. Let u € H'(Q) denote the weak solution of (2.5), with f € L*(Q2,R3)
and A € L>®(Q), M3y3) which is uniformly elliptic, i.e, there exists a > 0 such that

¢ Al2)E = al¢]? VEER®,
Let 1 < p < 2. There exists C(a, p, Q) such that
IVull, < C(I1A = I 2_[1£]l2 + 1 £1l,) -

Proof. We write
—Au=div(A—I)Vu+divf inQ
u=>0 on 0f).

By (2.2) we have

IVull, < C(I(A = DVaull, + [ £) < CUI(A = Dlla/@-n [ Vullz + [ f]l) -

Multiplying (2.5) by u and integrating by parts leads, however, to
o[ Vullg < [ f]l2

which, when substituted into (2.7) immediately yields (2.6).

2.2  Single inclusion

As in [1] we define now the one-particle problem. Let €, be defined by (1.11). For

every 1 € €, let (-, n) € H'(Q) denote the unique solution of

V- (ai(,m) Ve (-,n) =0 in Q
Pi(m) = f on 09

where

_Jo ze€ B¢
al(x,n)—{l r€Q\ B(n,e)

Let ¢ denote the unique solution of

Ap=0 inQ
¢p=f onof

Note that by the assumptions on dQ and f we have that ¢ € C?(€2). Set then

¢1('777) = wl('v”) - ¢

7

(2.8)

(2.9)

(2.10)



For all n € Q, define ¢o(-,n) : @ — R as

1o _é
ol ) = () - Vg(n) x | Tofar LENBUR Ty gy
;Jr—g x € B(n,e€)
and then set
U1<.T, 77) = (bl(x’??) - (ﬁo(l’,?]) . (212)

We now cite a few results from [1].

Lemma 2.2. Let ¢ be given by (2.10), and ui(-,n) : Q@ — R by (2.12). Then, for all
(&,m) € Q2 x Q we have

(9/2
. < e ‘
and
i a 2.14
||u1('a77)||172 < C<Qa0') <€ + W) . ( . )

In the sequel we need estimates of u; that are more refined then (2.14). To this
end we need first the following auxiliary result

Lemma 2.3. Let (§,1) € Q¢ X Q. and suppose that |§ — n| > 3e. Then, there exists
C > 0, independent of €, n, and &, such that

—pl? + 4d(€,00)d(n, 9Q)] < C inf — (|2 + 4d(x, 0Q)d(C, 090)] .
6 =l +4d(€, 00,00 < € inf - [la = ([ + dd(z, 02)d(¢ (>])
2.15

Proof. Step 1: Prove that there exists C' > 0 such that for all x € B(, €) we have

[|2 —n|* + 4d(x, 0Q)d(n, 0N)] < Cgegg(fn 6)[|x — C]* +4d(z,00)d(¢,00)] . (2.16)

Let x € B(&,€). Clearly, for every ¢ € 0B(n, €) we have
d(n,00) <d(C,0Q) +¢€ ; |z—n <[z —([+e<2z—(]. (2.17a,b)
Consider first the case where 1 € (). Here we have
d(n,00) < 2d(¢, 99),

which with the aid of (2.17b) readily yields (2.16).
Suppose next that d(n, 9§2) < 2¢. Here we have for all { € 9B(n,€)

d(n,0Q) <2e < 2|z —(]|.
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Furthermore,
d(z,0Q) < d((,09) + |z — (| < 3e+ [z — (| < 4]z —(].

Hence,
d(x,00)d(n, 00) < 8|z — (|?,

which together with (2.17b) completes the proof of (2.16).
Step 2: Prove that there exists C' > 0 such that

(1€ = nl* + 4d(&, 0)d(n, 02)] < ¢ uf E)Hx —n|* 4 4d(x,0Q)d(n, Q)] . (2.18)

The proof can be established in a similar manner to the proof of (2.16).
Combining (2.16) and (2.18) yields (2.15). O

We can now prove
Lemma 2.4. Let ¢1 be given by (2.10). Then, for all (§,n) € Q. x Q.

3/2

1 €
. 9/2 _—
| Vus 777)||L2 (Bgo) < Ce {|§ EE [6 + d(n, 082)3/2

1
T E = + 4d(g, 09)d(y, 0[P

} . (2.19)

Proof. Let G : Q) x  — R denote the Green’s function of the Laplace operator with
homogeneous Dirichlet boundary conditions in €2, i.e.,

1

yrpe (2.20)

G(z,§) = 7(,6) +

where 7(+, &) is harmonic in €2, for all £ € Q, and satisfies 7 = —1/(4w|x — £]|) on 0.
Since (cf. [1])

1 - 0G
r,n) = —(x, () ds¢~+
il = [ 605, (e ds
oG oG
,n)—(x, ds+/ w1 (¢, m)—(x, () ds¢,
L o [ miCngl @ Ods
we may use the fact that
1 (9 1




for all x € Q\ B(n,€), to obtain that

1
o—1

wem = [ G0+ G O dscr

50— ¢ L 9G
[ 00 = b - Vi s [ e

(2.21)

We now estimate the various terms on the right-hand-side of (2.21). For the first
term we have

_ a - B a
/aB(n,e)[¢(<>+¢0(< o (@,Q) dsc = /8 o P00 = 90) + 0(Cml 0 ) .

Since
16(¢) = ¢(n) + do(C, M|~ @B@me) < Cé,

we obtain that
- or
‘v/ [6(¢) + ¢o(C, )] 5-(x,C) ds¢| < CEND* 7 (,-)|| L~ @B(n.e)) » (2.22)
OB (n,€) v

where ||D*7||(z, &) denotes some appropriate norm of the Hessian matrix V, V7. In
appendix A, we show that there exists C'(€2) such that

C

1D*r (2, Q)| < T~ CP 1 4d(z. 00)d(C. OO (2.23)
and hence, by (2.22),
. or
v, B0 Gl .0 do
< Cé sup ! (2.24)

C€OB(n,e) “l’ - C|2 + 4d(l‘, aQ)d(C7 aQ)]3/2 .
For the second term on the right-hand-side of (2.21), it can be easily verified that

5 7 < 0 1 el
v [, B0 b ¢ Vo s <O 229

Finally, we turn to estimate the third term on the right-hand-side of (2.21). Let

u1<n>=]i( ) de
T],G
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Clearly,

_ oG
V[ wen G ods] =V [ (e - mn) 5 w0 ds
OB(n,e) OB(n,e) v
< lur — |l 208w 1 D*Gllr2050me) - (2.26)
We now argue as in [1] that
Jur — || 12080.0) < Ce*| Vuill12(B0m0)

and substitute the above into (2.26) to obtain
‘V/aB ) u (¢, 77) (SC Q) ds¢| < O Vuullrawnen | D*Gllezomey - (2:27)
(n,e
Next, we recall from [1] that

c(9)
D*G||(x, &) < ——2=.
ID*Gl(e.) < 720
Substituting the above together with (2.14) yields
3/2 3

9 65084 = g () 29

Consider first the case where | —n| > 3e. Substituting (2.28) together with (2.15),
(2.24), (2.25), and (2.21) yields

3/2

1 1
= o+ dln, 39)3/2} T llE=nP + 4d(€, 0 d(n, D) -

from which (2.19) easily follows for [£ —n| > 3e. For [ —n| < 3e (2.19) follows
immediately from (2.14) since

Vur(a,m)| < 0

1 1
< :
(1€ = nl* + 4d(&, 0Q)d(n, 0Q)]*> — 8€¥/2d(n, 0€2)/?

We next prove the following auxiliary estimate

Lemma 2.5. Let h : R, — R, denote a bounded, measurable function satisfying
h(r) =0 for all r < 2¢. Then, for every n; € . we have

< CEP(1 4 |Ind(nr, 090)]) . (2.29)

L2(B(m€)

| /Q Vn(w, n2)h(|n2 = m) diry
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Proof. Step 1: Prove that

W/‘wdammwh—mnwﬂ < CER+ | Ind(n, 00))).  (2.30)
Qe

L2(B(m€)

Clearly, by (2.11), when |z — 13| > € we have that

3

where [ is the 3 x 3 identity matrix. We next use the fact that ¢ is bounded in C?(Q)
to obtain that for all |7y — 7| > 2e,

63 €
Voo(a,m) — | < C—— I = m|+ ———] |

I — ne|? 72 —m|
where
3
€ _
E(ns, =V - (I — 3ege9),
(12, 1) PE o(m) - ( 2€2)
and
ey = (771 - 772)
|771 - 772|

Hence, for D = Diam ),

D

[ Wonten) Bl - nan < ce [ 14 Slarsce. @y
To complete the proof of (2.30) we thus compute
/ Eh(|nz — ml) dne =
/ Bhlls — e+ [ Eh(m —ml)dn . (232)
B(n1,d(m,082) Qe\B(n1,d(11,09))

/ (I —3eze9)ds =0,
OB(n1,r)

for all » > 0, we have for the first term on the right-hand-side of (2.32)

/ Eh(lns —m|) dis = 0. (2.33)
B(nlvd(nlraﬂﬁ)
For the second term we have
b 1 1
‘/ Eh(|772—771|)d772‘<063/ —dr <Ceéln—— .
Qe\B(n1,d(n1,00)) - Aoy T d(m, 0€)
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Combining the above with (2.33), (2.32), and (2.31) yields

1
h _ d < 31 o a0\
‘ /(;6 VQSU('ZU: TIQ) (|n2 771|) 2| = celn d(nlv 896) 7

from which (2.30) readily follows.
Step 2: Prove that

H / Vui (2, m)h(|n2 — m|) dnell 2.0 < Ce”*(1+ |Ind(n, 0))) (2.34)
Qe

By Minkowsky inequality we have

H/Q Vi (-, m2)h(In2 — m|) dnall 2B, < /Q Vs (-, m2) || 228,012 — 1) dna -

Using (2.19) we then obtain

< Ce'?x

H/Q Vup (-, m2)h(|n2 — ml) dna

L2(B(n1,€)

3/2 1

1 €
+ +
/QE { [ — n2|? [e d(ns, 09)3/2} [ — n2]? + 4d (01, 0Q)d(n,, 02)]

Wz}hﬂﬁrﬂthb-
(2.35)

We next estimate the contribution of each term in the integrand on the right-hand-
side of (2.35). For the first term we have

€
— (g — dny, < Celne ', 2.36
/Qe —hl ) e < (2.36)

Let 6 > 0 be independent of €. Clearly,

¢3/2

1
h(n2 = ml) dnp < C(8)e** e 2.37
/95 1 — 2 d(n2, 092)3/2 (In2 — m) dnz < C(5) (2.37)

Let
D={(z,y,2) ER*|e <2< dna*+y*+ [z —d(m, 0N)]* > 4¢°}

By choosing a curvilinear coordinates (which can be set for sufficiently small d), one
can show that

¢3/2

1
h(|ny —
/Qe\Qg lm — 2| d(n9, 8Q)3/2 (Im2 —ml)

dny <

)2 / 2732 dx dy dz ‘
p [#2 +¢* + (= = d(m, 0Q))°]
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1/2

Moving to the cylindrical coordinate r = (2? + y*)¥/2%, and then substituting s =

r? + (2 — d(m, 002))? yields

1 32
/Q )372 h(|na — mu|)dnz dny <

\Qs |7I1 - 772|3 d(772, C?Q
* 320y [0 ds
C/ 3/2 / 5] <C.
€ max(4e2,(z—d(n1,09))?)

: S dm < C 2.38
_ < |
/Qe M — n2|® d(n, 02)3/2 (In2 = ml) dna < (2.38)

Finally, for the third term we have

1 1
h(|na—m|)dne < h(lpo—n
/m nm—m\?+4d<m,asz>d<n2,aﬂ>J3/2} (I2=m ) ”2—/96 Hm—n2|2+4d<m,asz>6]3/2} (2=

and since for all 7, € 25 we have

I — mal? + 4d(ny, 0Q)8 > [0 — d(n1, O0)]? + 4d(ny, 00)6 = [6 + d(n1, 00)),

Combining the above with (2.37) gives

we readily obtain that

1
/Qg [ — m2|? + 4d(n1, 0Q)d(n2, 0S2)]

As above we obtain once again that

3/2} h(|n2 —m|)dne < C(0). (2.39)

1
h — dny <
/Qe\ﬂ(s [‘771 _ ,72‘2 +4d(771,8§2)d(772,89)]3/2} (’772 771|) UPERS
C’/ dx dy dz <
p [22 +y* + (2 — d(m, 00))* + 4zd(n,, O) 32 —

D o) dS
0/ dz/ <O+ lnd(n, 00))).
€ (z+d(m,09))% 5

Combining the above with (2.38) and (2.36), yields (2.34), and by (2.12) also (2.29).

O
3 Asymptotic independence
Let u,v € L*(2,R3) and let S C Q. Set
(u,v>5:/u-vdx. (3.1)
S
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In this section we employ (1.7) to derive an improved bound on E ¢ (<V¢1 (+,1m2), Vo (-, 773)>B(m76)) )
In [1] we have obtained

‘Ef(<v¢1('7 m2), Vo (-, 773)>B(771,6))| < Ce'ln? % .

Using (1.7) we shall be able to drop the logarithmic term from the right-hand-side.
We begin by repeating (1.7) once again,

fa(nzsms/m) = fa(ne/m) fo(ns/m) + g(n1,m2.ms) (3.2a)

in which ¢ satisfies

— fa(na/m) Fa(na/m) |2 — ma| < 2¢
g(m,m2,m3) = {0 2 —m| < 2€ (3.2b)
0 m3 —m| < 2e.

Furthermore o

lg] < Ca (3.2¢)

2 — M|
for some a > 0. Finally, we have that

Fa(m/m) = Cfa(na/m) (3.2d)
where by (3.2c) the normalization constant C' must satisfy (assuming o # 3)
|C — 1] < Cemin(ed) (3.2¢)
We assume further that

folma/m) = h(Inz — m|)ha(n2), (3.2f)

where hy : R, — R, is bounded, measurable and satisfies hy(z) = 0 for all = < 2e,
and hy € Lip(Q,R,) has a global Lipschitz norm L which is independent of N and
¢, and satisfies ho(z) = 0 for all z € Q \ Q..

We continue by proving the following auxiliary lemma

Lemma 3.1. Let (n1,m2) € Q% € > 0, and a > 0. Then, there exists C > 0,
independent of n1, 12, and €, such that

- - [1+IHM]. (3.3)

€

/ s < O
Q\[B(11,2€)UB(n2,2¢) 13— mi[*n2 — ns| 12 — m|
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Proof. Let
Qu(m,me) ={ns € L (s —m) - (m —m2) = —|m —m|*/4}.
It can be easily verified that for every n3 € €2; we have
1
ns =1l > s — m[* + 5\771 — .

Hence (recall that D = Diam Q)

/ § 5 dns <
Q1\B(n1,2€) 3 — mi[*n2 — ns|
EO(
/Q B(n 1 /2 s <
\B(m.2e) n3/? |2]

) ns —m? [|771 - + 5lm —m

b e~ dr [ =n2 e“dr b e“dr
O/ 1+« « S/ « +/ 1+a ?
¢ T riny — ] rnz = ml m—mal T

from which we obtain that

/ ‘ dngﬁCE—[lJrl 2 ”1‘] (3.4)
Q1\B(n1,2¢) 13— mi[*n2 — n3|® |12 — m|* €

Next, define

Do, m2) = {m3 € | (1 —m2) - (02 —m) = ~m —m2|*/4}.
In a similar manner to (3.4) we then show

Ea

/ 3 P dlr]?)
Q2\ B(n2,2€) 3 — mi[*n2 — ns|

60{
/ 3/2d773§
X502 g, — o1y — 1pf2 + 3 — ]
D
(0% d 107
C/ 7 3306—[1“ Iz =mly (55
¢ Ty — 12 — m|® €

Finally, let 23 = Q\ (2, U Qy). As can be easily verified we have for all ns € Q3

1 .
1_1‘772 —m| < min(|ng —ml, [n3 —n2|) .

Hence,

« « 1
/ . dipy < O—= / - digy (3.6)
Qs |13 = mil3|m2 — n3|® 1m2 —m|* Ja, N3 — m|

16



Let

T2 — M
ny =3 —m) ——

‘772 —771‘

ok = (s —m) —

Since for all n3 € Q3 we have

L~ <ol < S —
4772 771_773_4772 mi,

we obtain that
1 1
/93 s —m? Q [Iny|2 + |22

/3lm172|/4 i 1 N
dn / dnz <
memla o Jwe (e — w2+ 232

1
C|772—771|/ dny < C.
g2 (2 — m[? + 3232 0

Combining the above with (3.6) yields

; dns < Cr——,
0 13 = m[*[n2 — 3| 72 = ml
which together with (3.5) and (3.4) yields (3.3). O

We now prove

Lemma 3.2. There exists C' > 0, independent of N and €, such that

B (V610 12), Vr( 1)) Bian,)) | < O (3.7)
Proof. It can be easily verified that

J = Ef(<v¢1(7772)’ v¢1('7 n3)>B(771,6)) =
/ / Voi(z,m2) - Vou(x,ns) dz f3(m1, n2,m3) diidnzdns
Q3 J B(n1,¢)

Equivalently we can write

J = /Q fi(m) /B - /Q Voi(w,12) - Vi (,115) f (s 15 10)diaclgs e gy

We then use (3.2a) to obtain that

J- / i) VO ) i+

/Qfl(nl)/QZ<V¢1(‘7772)7V¢1('>773>>B(m,e)9(77177727773) dnpdnz dny . (3.8)

17



where

‘I’(%m):/Q¢1($7772)f2(772/771)d772-

Next, we use (3.2f) to obtain that

Vo — /ﬂ V1 (. m2)ha (102 — 1Yo (i72) s

Hence,

IV (2, 0)] < halm) / V1 (e m) s (Ino—mi]) dit L / V1, 12) s (13— ) Iz i

(3.9)
For the first term on the right-hand-side we have by (2.29) that

For the second term on the right-hand-side of (3.9) we have by (2.13) and Minkowsky
inequality

< CE?(1 + |Ind(n,000)|) . (3.10)

h /ﬁV ,m2)h1(|nz — mil) d
2(m) . ¢1(,m2)ha(|n2 — m|) dne L(Bm.e)

9/2
|2 [ 196l Dl <c o dp<cen,
Q. L2(B(m1,€) Q\B(m1,2¢) 72 — m|

Combining the above with (3.10) then yields

/ S0 [V 22,0 i < CE° / (14 [lnd(n, 0Q))Pdn < O (3.10)
Q

€

We next estimate the second term on the right-hand-side of (3.8). With the aid
of (3.2b,c), and the fact that g = 0 whenever 73 € B(ny, €), we conclude that

/Qfl(m)/QQ<V¢1('7772)7V<Z51('7773)>B(m,e)9(771,7727773) dnadns dm

SC/ﬁmﬁ/ V&1 (s m2) | 22 (B0
Q \B(1,2¢)

a

€
) [/ Hv¢1(‘7773)||L2(B(m,5)) —adn3+
Q\[B(11,2€)UB(12,2¢)] |12 — m3]

C/ IVoL(-m3) || 2B d??s] dng dny .
B(n2,2¢)\B(n1,2¢€)

18



Next, we use (2.13) and (3.2b) to obtain

/fl m / V¢1( ) V¢1(',773)>B(m,e)9(771,7727773) dnpdns dny <

69+a
¢ / / [ / 3 3 o dns+
Q JO\B(n1,2¢) - JQ\[B(n1,2€)UB(172,2¢€)] 112 — m[3[ns — m[*|n2 — 03

69
/ 3 3 dng] dnydny . (3.12)
B(n2,26)\B(n1,2€) m2 = ml3ns —m|

Clearly, as [ng — ni| = |12 — m|/2 for all n3 € B(n, 2€) \ B(1n, 2€),
1 3
/ 3 5 dns < 06—6 :
B(n2,2€)\B(n1,2¢) m2 — m[*ns —m| 12 — m|
Substituting the above, together with (3.3) into (3.12) yields

/f1 m / (Vor(-.m2), Vori(-,m3)) Bn,e) 9(1015 M2, 3) dnjadnz diy <

9ta -~ 12
C// [E—H<1+1n [ 771|>+ ¢ 5 dny dny < Cé°.
o JorBa 20 Lz —m[*T® € 12 — 1|

The above, together with (3.11) yields (3.7). O

4 W1P estimates

Let ¢ denote a weak solution of (3.2). We first represent ¢ in the following manner

¢<£U,771,..-,77N +Z¢1 X 771 u, (41)

in which ¢, is defined by (2.10). We first derive a boundary value problem for w.

Clearly,
N

a(xﬂhw--ﬂ]N) = 1"’2[@1(1’,7]”) - 1] :

n=1

Hence, by (2.9), (2.8), and (2.10)

(aVo) = ZV [ay(z,m,) — 1]V )

==Y V- (a(w,1)Ve) = Y V- (ar(w, 1) Vén(x,mn)) -



It follows that

V- (a]vo + i Vor(em)]) = SV (fa— aen)) Vo). (@2

and as

7j=1
i
we obtain that
(aVu) Z V- (la1(z,m:) — 1]V i(z,n5)) (4.3)
7,7=1
J#i

We now prove

Proposition 4.1. Under the assumptions of Theorem 1 there exists C(p,o,8) > 0
such that for all 1 < p < 2 we have

By (|| Vaul,) < 5% 5. (4.4)
Proof. Let
F= > e~ 10
7 1
o
By (2.7) we have, for all 1 < p < 2,
I9ully < Cyllla =11l 2o 1f 2 + 1] .
Thus,
—1_1
Es([Vully) < Gy (o = 11352 /1l + 11l (4.5)
By Jensen’s inequality we have that
1
Er(I115) < [BAAFID] (4.6)

Since, with probability 1,

H i[&l(ﬂﬁ n;) — 1|V (z 77] Z H Z ar(x,n;) — 1|V (x, 77]) pa
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it follows that

(4.7)

N
p
By (1415) < Mo =18 (| S v, )
=2 e

We now observe that

N
H Z Vi (x,n;)
i=2

and hence, by (4.7),

L2(B(m,e)

N
3
<C€;<1—p/2>H YV, (z, m
Lr(Bn.e) 2; hule )

B, (I£1) < eNEO2E, (| S Vorten)
=2

p/ )
L2(Bm.e)/
In view of (4.6) we then have

p/2

) ’
L2(B(m.e)/

L - N
B, (I71,) < oN3e GHE (|| 3 vortem

Applying Jensen’s inequality once again yields

5 (| S veen]l, ) < B (]2 Vo

L2(B(m,e
and hence

2 ) 5
L2(B(m.,e)/

1 1 1 N
Es(I71) < onve GoH (|| 32 Ve, m)
=2

2 ) 3
L2(B(m,e)/

Next we write

N N
| 2 e mlaoono = Do [T m) om0+
=2 1=2

N

> (VO Com:), Vo)) Bine)
i,j=2
i#£]

where the definition of (-, -) g, ¢) is given in (3.1). Consequently, we have
N
Er (]| 32 Vo1 mlEamnn) = OV = DE(IV61Cm) [2s0m.0)
i=2
+ (N = 1(N = 2E;((Vor(-,m2), Vou () Be)) - (49)
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We now estimate each term on the right-hand-side of (4.9). For the first term we use
(2.13) to establish that

(N =DE; (Vi (- m) 22 (s ,0)) <
9
€

C _
CN ———dnydn; < — 32, (4.10
QX\B(n1,€) M2 — m© N )

For the second term we use (3.7) to obtain that

(N =1)(N — Q)Ef(<V¢1('77]2>7v¢1('77]3)>3(m,e)) < %53

Substituting the above together with (4.10) and (4.9) into (4.8) yields

—p+l

B<op e (4.11)

1 g(1_1 1
Ef(“f”p) < CNp€3(p 2) N7

As (4.11) is valid for any 1 < p < 2 we may conclude that

B (JI£1l2) < C5.
Substituting the above together with (4.11) into (4.5) yields (4.4). O
Proof of Theorem 1. We recall from [1] that

3(c—1)

NE;(¢1) + T o

AV - (8V9)) = NEf(¢12) (4.12)

where ¢; o satisfies

{—Aqﬁlg =5V ([ai(z,n) = 1[Vo(z) = Vom)]) + V - (lar(z,n) — 1]Vui(z,n)) inQ,
$12=0 on 0f2,

and A~! denotes the inverse Dirichlet Laplacian. Upon taking the average of the
above equation, we use (2.2) to obtain that for any 1 < p < 2 we have

IVE(¢12)llp < CIIE(lar () =1V ()= Vo(m))llp+IE s ([a (-, n)—l]Vul(»n&Hf}g)-
As in [1] we can show that |

IE([ar(,m) = 1[Vo() = Vo)), < Ce',

and that
IEs([ai (-, m) — 1 Vui (-, n))|l, < Ce™?.
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Substituting the above into (4.13) and (4.12) then yields, with the aid of Poincare
inequality
3(o

f;)Al(v - (BY9)) |,y < Ce?B. (4.14)

By (4.1) and (4.4) in conjunction with Minkowsky inequality we have that

INEfb(61) +

- Sptl_ 1
[Ef(¢) — ¢ — NE(¢1)[l1p <CB 7 2.
With the aid of (4.14) we then obtain

M=) N9 (8Y8)) oy < O35 +€25).

IE5(0) — 6 - =—

Hence, by (1.9) we have

3(c—1)

-1 n *M,%
2o AT V(Y s OB (4.15)

IEs(6) — ¢ —
Let ¢, denote the solution of (1.13). In [1] we showed that

3(c—1) AL

2t o (V- (BV)) 12 < CP*.

||¢e _¢_5+

Holder inequality readily yields for all 1 < p < 2

30D g o .
— . < .
l¢e = &+ = ——=A7H(V - (8Y9)) 1p < CB
Combining the above with (4.15) yields (1.15). O
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A Proof of (2.23)

Let Q C R? be bounded with smooth boundary 992 € C*“ for some « > 0. For some
e > 0, let . be defined by (1.11). Let d9 > 0 be sufficiently small so that for every
y € O\ Qg, there exists a unique point y € 92 so that d(y,02) = |y — y|. Denote the
reflection of y with respect to ¢ by y*. We begin by the following elementary lemma

23



Lemma A.1. There exists C' > 0 depending only on Q such that

C
sup < .
@ayeax@\s) 17— ¥*| T [z = &* + 4d(x, 092)d (£, 0Q)]/*

(A.1)

Proof. Let y € Q\ Qs,. We set the origin of a coordinate system at its projection
on 09, ie., y = (0,0,0). We further set y = (0,0,d) and hence for the reflection
point we have y* = (0,0, —d). Let z = (z1,29,23) € Q\ Qs,, and let r = |z — y|
and 7* = |x — y*|. We next describe the boundary 92 by the explicit representation
z = z(xy,x2), which is possible, in some neighborhood of g, if we choose ¢y small
enough. By the smoothness of 92 there exists Cy(€2) such that

|z| < Cg(ﬁ + x%) x% + :Eg < 58, (A.2)

which can again be guaranteed by choosing dg to be sufficiently small.
Suppose first that 2% + z3 < 62. Clearly,

[r*|? = r? + 4dw; .
Since d, = d(z,08) < x3 — z, we have by (A.2) that
7% = r? + 4dws > r? + 4dd — 4d|z| > 7 + 4d,d — 400 (27 + 3) .

Using the fact that r? > 2% + 22 we easily obtain (A.2) for sufficiently small d.
If 3 + 22 > 62 then |r*|? > 62. Since for some C(2),

sup |x —y|* + 4d(x, 0Q)d(y,00) < C?,

(z,y)€Q?
we have that 5
Il = 50[|93 —y[* + 4d(z, 0Q)d(y, 0)] /2,
from which (A.2) easily follows. ]
Proof of (2.23). step 1: We first prove that
C(Q)

< 0%, A.
TS . e e ) € i
Let 7 be given by (2.20). In [1] we show that
1
. < —F . .
I7C, )l < Ty ) (A.4)

Consequently, there exists C'(€2) such that for all (z,y) € Q2 x Qs,

C(Q)
[z — y|? + 4d(z, 0Q)d(y, Q)] /2

1
< <
o)l < oy <
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Suppose that y € Q\ Qs,. Set then

1
7(,y) :h(w,y)—m-

In [1] we show that

sup [|A(-,y)]le < C,
yEQ\Qﬁo

and hence, for all y € Q\ 5, we have

C
[z = yI* + 4d(x, 0Q)d(y, OQ)]'/?

Combining the above with (A.5) yields (A.3).
Step 2: We next show that

h(z,y) <C <

C(Q)

< A6
VS =y (e 00ty 00) )
Suppose first that y € 2\ s,. In this case we have by Theorem 6.6 in [6]
C
Vo7 )l < 5 (A7)
0

Next, let y € (25,. In this case we distinguish again between three different cases
1. 2d(z,00) > &
2. 6o > 2d(z,00) > |z — y*,
3. 2d(xz,00) < min(dy, |z — y*]) .

In case 1 we prove in the same manner as in the proof of (A.7) that for some C(dy, 2)
we have

C
|V.7(z,y)| < 2 Vo e Q\ Qs /o (A.8)
0
In case 2 we use the fact that 7 is harmonic in B(z, |z —y*|/2) to obtain with the aid
of Theorem 4.8 that

C

||T('7y)||L°°(B(x,|a:—y*|/2) < m . (Ag)

C
V.r(z,y)| <
Vot (2,y)] P—
In case 3 we denote by Z the projection of x on 9. Set further §; = 2d(z, 02) < dy.

Let D = B(z,60;) N Q. Then, since 7 is harmonic in D we obtain by Lemma 6.5 in [6]
that there exists C' > 0, independent of &, such that

C C
< * oo < —_—,
|v277—('r7y>| = d(m,@D \ 89) HT( 7y>||L (D) > |ZL' _ y*|2

25



Combining the above, (A.9), and (A.7) yields

sup ‘ |z — y* *Vo7(2,9) | <C.
(z,y)EQXQ

The symmetry of 7 then yields (A.6).

Step 3: We complete the proof of (2.23) as in [1]. O
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