The loss of stability of surface superconductivity

Y. ALMOG *

Abstract

The Ginzburg-Landau equations in a half-plane are considered in the large x limit.
We look at the reduced set of equations obtained in that limit. It is proved that the
one-dimensional solution presented by Pan [22] undergoes a bifurcation for an infinite
number of applied magnetic field values which are lower than Hc,. We also prove
that each bifurcating mode is energetically preferable to the one-dimensional surface
superconductivity solution, and thus, prove that the surface superconductivity becomes

unstable for applied fields which are lower than H¢,

1 Introduction

Consider a planar superconducting body which is placed at a sufficiently low temperature
(below the critical one) under the action of an applied magnetic field . Its energy is given

by the Ginzburg-Landau energy functional which can be represented in the following dimen-
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sionless form [10]
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in which ¥ is the (complex) superconducting order parameter, such that |¥| varies from
|W| = 0 (when the material is at a normal state) to |¥| = 1 (for the purely superconducting
state). The magnetic vector potential is denoted by A (the magnetic field is, then, given
by h =V x A), he, is the constant applied magnetic field, and & is the Ginzburg-Landau
parameter which is a material property. Superconductors for which k < 1/ V2 are called
type I superconductors, and those for which x > 1/ V2 are called type II. Q is a connected
domain of superconductor, whose Gibbs free energy is given by E. Note that E is invariant

to the gauge transformation
U — ™y A— A+ Vn. (1.2)

where 7 is any smooth function.

For sufficiently large magnetic fields it is well known, both from experimental observations
[21] and both from theoretical predictions [15], that superconductivity is destroyed and the
material must be in the normal state. If the applied magnetic field is then decreased there
is a critical field where the material enters the superconducting phase once again. This field
is called “the onset field” and is denoted by He,.

It is well-known that at the bifurcation from the normal state, superconductivity remains
concentrated near the boundary. Alternatively we can say that ¥ decays exponentially fast

away from the boundaries as either x or the size of ) tend to infinity, which is the reason



why the phenomenon has been termed surface superconductivity. This result has first been
obtained for a half-plane [24], then also for disks [6], and for general smooth domains in R?
[7, 20, 13, 17]. It was extended later to weakly non-linear cases in the large s limit [18].

In the absence of boundaries the critical field at which superconductivity nucleates is
denoted by He, and is smaller than He, (He, ~ 1.7k whereas He, = k). Furthermore,
the bifurcating modes are periodic lattices, named after Abrikosov [2, 9, 4] which have been
observed experimentally [14]. It has been conjectured, therefore, by Rubinstein [23] that
superconductivity remains concentrated near the boundary for Heo, < he, < He,. When
hex = He, (either for k large or for large domains) a bifurcation of Abrikosov’s lattices far
away from the wall was conjectured [23].

Recently, it has been proved both in the large s limit [22, 3], and in the large domain
limit [5] that as long as Heo, < her < He, superconductivity remains concentrated near
the boundaries. From a different direction, Sandier and Serfaty [25] showed for the global
minimizer of (1.1) that as he, — Hc¢, from below and k — oo, superconductivity vanishes
in the domain’s interior, away from the boundaries.

Despite the above-mentioned progress the transition from the surface superconductivity
solution to the mixed state, where Abrikosov’s lattices appear in the bulk of the material,
has not been clarified yet. In particular, if the applied magnetic field is decreased below H,

it has not been proved yet that:

1. The surface superconductivity solution becomes unstable, i.e., it is not a local mini-

mizer of E for h., < He,.



2. The bifurcating mode is indeed the global minimizer and has to be periodic.

In the present contribution we prove, in the large x limit, for a domain wall, that the
surface superconductivity solution in a half-plane is not a local minimizer of E for h., < He,,
and hence cannot be stable. To this end we assume, just like Pan [22] did, that the global
minimizer is essentially one-dimensional in the boundary layer. In addition to the instability
proof, we find the bifurcating modes and show, by an heuristic argument, that when properly
superposed, Abrikosov’s lattices can be formed. However, since linear superposition of modes
is impossible, in view of the equation’s non-linearity, further research is necessary in that
direction.

The Euler-Lagrange equations associated with (1.1), known as the steady state Ginzburg-

Landau equations, are given in the form
; 2
<—V+A) =0 (1-¥p?) (1.3a)
K
VU XVxA= QL (I*VT — UV + [U2A (1.3b)
K
and the natural boundary conditions by
(3v+A)\1/-ﬁ:o  h=he . (1.4a,b)
K
In [22, 3] it is proved that as Kk — 00, he, — kK > 1/k we have, near the boundary
U(xg+E&/k) —— (§) pointwise

where o € 0€), £ € ]Ri,
]Ri ={(z1,29) ; ©1 > 0}

4



and 1 must satisfy

N2
@v+m@)¢:Awa—wwﬂ in R2 (1.5)
9 _ 2
a—xl =0 on 8R+ (15b)
where
K
N
Let
H={ue H'(z,00) | zu € L*(z,00)}, (1.6)

where z is a real number, and let

B(z) = inf fzoo /| +m2|¢|2'

— - 7
peH fz |]2 (1.7)

The dependence of § on z has been studied in [8] and [19] afterward. In particular, it has
been proved that there exist z;(A) and 29(\) such that A > ((z) if and only if z; < z < 29,

and that z5(1) = 0 and 2;(1) = —oo It is also proved in [20] that

Bo = inf f(z) = lim ~ 0.59.

z€R K—00 1,
The same result was also proved in [13].
Pan [22] conjectured that any bounded solution of (1.5a) for Fy < A < 1 must be in the

form
W = o2t f () (1.8)
where wy is a real number and f(z1, \) satisfies in R

"+ @ —w)’ f=AfA-f") ;5 f0)=0. (1.9)
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In [22] it is proved that if f(—wg) < A < 1 and
—zs <wp < —2
then there exists a solution for (1.9). Furthermore, it is proved in [22] the
f(z) ~ 2T e asa— 00 (1.10)

The discussion in [22] was limited to the case A < 1, since this is the regime where the surface
superconductivity solution is expected to be the global minimizer of £. Nevertheless, it is
not difficult to show that the above existence result and (1.10) still hold when A > 1 for any
wp > 0. We bring the proof in appendix A.

Weaker conjectures can be made instead of assuming that (1.8) is the unique class of

bounded solutions of (1.5a). Consider the energy functional

. A 1
ew) = [ 1(39+ania) i (Glott - o). (111)
R+
where 75 is a unit vector in the z direction, and let

Hpoo(Q) ={¢ € L*(Q) | 0,0 € L*, 0py +iz1¢ € L} (1.12)

mag

It is well-known [22] that when A > [, we have

inf = &(¢) =—o0

pEHY .4 (R3)

We therefore modify the definition of H!  so it would guarantee the existence of a global

ag

minimizer to € in the modified space. We thus apply the transformation

o T —we ;o P — e
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to obtain

&(v) :/j dm/Rdxz{| (z’V+x122>¢|2+>\(%|w|4— |¢|2)}, (1.13)

and define the space

P = {0 € Hypoy([~wo,00) X R) | d(w1, 22 + L) = d(w1,22) } - (1.14)

We can now conjecture, just like Pan [22] did, that

Q/JZf(SUl,)\)

is the global minimizer of € in P}°, for every L > 0 and wy > 0.

We note that Pan [22] studied the same problem for A > 1 and found that the global
minimizer of (1.11) in P;° decays exponentially fast away from the wall. Moreover, it is
proved in [22] that the global minimizer of (1.1) in a smooth bounded domain must tend,
as K — 00, to a periodic solution whose period is of O(k).

Periodic solutions have already been studied in the absence of boundaries [2, 9, 4]. Peri-
odicity was imposed in those works in both the x; and the x5 directions. In this work we add
the effect of a planar wall: we impose periodicity only in the direction which is parallel to
the wall, whereas away from the wall we expect the solution to decay. This problem, which
is still much simpler than the determination of the global minimizer of (1.1), is much closer
to real situations than the problem in R? [2, 9, 4].

The present contribution can be summarized by the following theorem

Theorem 1.1 There exists ng € N, which may depend on w = 27 /L and wy, and a sequence

{And ot s such that



1. There ezists a solution to (1.5a) in P}° which bifurcates from ¢ = f(x1, ), in some

right semi-neighborhood of X\, for every n > nyg.

2. For every n > ny

_ 2 _ 2
1+Clexp{W}</\n<1+CzeXp{M}, (1.15)

where Cy and Cy are independent of n.
3. Denote the bifurcating solution in P7° by ¥y (x1,A). Then
E(thn, A) < E(f, )
in some right semi-neighborhood of X\, for every n > ny.

In the next section we discuss the linearized equation and prove (1.15). Statements 1
and 3 are proved in § 3. Finally, in §4 we briefly summarized the results obtained in §2 and

§ 3 and list some related open problems.

2 Linear analysis

Consider the problem

(iv+ x1%2)2 $=2 (1 [0?)  (21,22) € (—wp,00) X R (2.1a)
Yy (—wo,22) =0 5 Y(21,22 + L) = ¢(21, 22) (2.1b)

Let
u=1(x1,22) — fz1,]) (2.2)



wherein f satisfies (1.9). Denote by X the space
X = {u € O {[~w.00) x B} [P |, (~w.22) = 0}
with the C? norm. Let F : R* X X — C {[—wp, o0) x R} be the operator
F(\u) = (iV + xﬁg)zu —Au—2u+1a) — f (2u)® +u?) — |ul*u] . (2.3)

Clearly, if v € X satisfies F'(u, A) = 0 for some A > [y, then ¢y = u + f is a solution of
(2.1). Furthermore, since F'(\,0) = 0 for all A > (5, we can consider the linear bifurcation of
nontrivial solutions of F(u,A\) = 0 from u = 0. Let F, denote the Fréchet derivative of F.

Then, the linearized form of F'(u,\) = 0 near u = 0 is
F.(0,\)¢p =0
or,
A\ 2 -
(3V +21) 60— A[o - 220+ 9)] = 0. (2.4)

Our first result proves the existence of non-trivial solutions in X for (2.4) and gives the

corresponding critical values of .

Theorem 2.1 There exists no(wo, w) € N and a sequence {\,},_,, , such that when A\ = A,

non trivial solutions of (2.4) exist. Furthermore, for all n > ng A, satisfies (1.15).



Proof: Since we look for periodic solutions we multiply (2.4) by e~ where n € N and

integrate with respect to xs over [—7/w, 7/w] to obtain

—¢" + [(z — nw)? = A] O + M2 <2<13n—|—ﬁ> =0

_lein + [(:C + nw)2 - A} (ﬁfn + )‘fz <2(£7n + E) =0

~ ~

On(—wo) = ¢L,,(—wo) =0

where

w/w

&n(iﬂl) = o(x1, $2)€7inwm2d$2-
—7/w

To prove the lower bound in (1.15) we need the following perturbation lemma.

Lemma 2.2 Let H(&) be defined by (1.6), and let

6=t [P gt 0) o
H‘b”[ﬂ(,g’m):l a

where g : [0,00) — R is continuous and decays as x — oo. Then,

a:1+/oogv2+5(§).

—£

In which v is the quasi-mode
v=cex(x+ S)e_gﬁ/2
whose L*(—&,00) norm is unity, x is a C™ cutoff function satisfying

0 0<z<1i
X:
1 1<z
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and, for sufficiently large &,
5(¢) < 2/ g+ Ce (2.7d)
where C' is independent of €.

Proof: Denote by P the operator

d? 9
iP = —E + x° + g,
and let
v=1 —|—/ gv.
=£
Then,
(P—v)v =ce[-X" +2zx +gx] e ™/ = (v = 1),

and hence,

v < Ce . (2.8)

o0 " /
S/ ’—X——i-Zx&
—¢ X X

‘/_:Ov(f]’—l/)v

Let {1,132, denote the eigenvalues and {u;}52, the corresponding eigenmodes, whose L

norm is unity, of the following problem

Pu; = pju; x>
(€)= 0.

It is well known [11], that y; T oo and that {u;}2, are square integrable and orthogonal.

Let

= v — Qplp (2.9a)

o4t
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where

aoz/ Vg (2.9Db)

3

Substituting (2.9) in (2.8) we obtain (note that ug = «)
agla —v| < / 5(P — v)o| + Ce ¢ (2.10)
—£

To estimate the first term on the right-hand side of (2.10)we make use of the following

inequality

/_:O\(?—u)@\Qs/_jy(ga_y)v|z:
[

—X—+2x&+g—(y—1)
Since the distance of v from the spectrum of P in H \ Span(ug) is |1 — v| we have

2 0o
v+ < / P+ Ce €. (2.11)
X X _

3

=P [P [ 1@ -vil < [ (@ - (2.12)

£ —£ 3
It is not difficult to show, using standard arguments from semi-classical analysis (cf. for

instance theorem 3.4.1 in [16]), that

0 —— 3, (2.13)

§—o0

Hence, for sufficiently large &,

[T [ [Cio-ont] < [T

Substituting (2.11) in the above inequality yields

agla —v| < / g+ Ce (2.14)
—£
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By (2.12) and (2.13) we have

agzl—/ 15> > 1—/ g —Ce €
—£ —£

from which (2.7) can be easily obtained.[]

We now continue the proof of Theorem 2.1. Let

an(N) =1 a(—nw — we, Af?). (2.15)
Since, by (1.10)
> 2 —z2 A—1 1 2
/ fAz+nw+wy)e ™ > C(nw+ wp) exp{—é(nw—irwo) },
—nw—uwq
we have, by (2.7),
1
an > 1+ C(nw + we)* ' exp {—5 (nw + wo)Q} . (2.16)

We now define the functional

[ee) 9 9
I(Xn, X—n) =:/ X l™ + (2 = nw)?|xal® + |[X10| ™+ (2 + nw)? x—n]*—

wo

= MIxal® + [x=nl? = 2 (Ixal® + [xn + X=al* + [x=0l?)]  (2.17)

Let (¢, ¢—n) € H x H satisfy (2.5a,b) and

/ (16af? + [6-al?) = 1.

w0
Multiplying (2.5a) by ¢, and the complex conjugate of (2.5b) by ¢_, and integrating their
sum over [—wy, 00) we obtain

8(¢n7 ¢—n> =0.
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However, from the definition of «,, it follows that

o0

/_ G2+ (2 — no)loul? = A (1= F2) [6al = (n — N) / 6al2.

Furthermore, for sufficiently large n, we have (x + nw)? > (z — nw)? for every = € [—wy, 00),

and hence
I(n, d-n) > (an — N) (2.18)

Consequently, the value of A for which the minimal value of J vanishes, must be greater than
ay,. Therefore, by (2.16) the lower bound in (1.15) is proved.

To prove the upper bound we need, once again, to prove an auxiliary result:

Lemma 2.3 Let

n A) = inf ny X—n)-
Yn(A) L J(Xn> X—-n)

Ixn 122+ lIx-nll? 2 =1

Then,
1. For every A > 1, there exists a minimizer in H x H.
2. Yn 18 a conlinuous function of A.

Proof: Since the proof is rather standard, we bring here only the main details and very
briefly. Let {¢™, ¢™ }°°_, denote a minimizing sequence satisfying ||¢™|* + ||¢™,||* = 1 for
all m. Obviously,

= 2 ,_ C
[ e i<
u a
otherwise limsup,, . d(¢, ¢™ ) = oo. It is easy to show that the minimizing sequence

is bounded in H' x H!, and hence, there exists a subsequence which converges weakly to

14



(on, d—y). Clearly,

@ C
12/ a2+ [6nl? 21— <
wo

_ a?’
and hence ||¢,]|? +||¢—n||> = 1. To complete the proof of existence we need yet to show that
E is weakly lower semicontinuous. This, however is a very simple task. For instance,
o - o
| e [ e
—wo —wo

in view of the weak convergence. Applying the Cauchy-Schwarz inequality we obtain
timinf | (67 > [16,].

Similar treatment can be given to the rest of the terms in (2.17).
The proof that 7, (\) is continuous is completely straightforward.[
We now calculate J(w,,,0) where w, = exp{—(z — nw)?/2}. It is not difficult to show

that

3<wm0) < (1 _ )\)ﬁ+ f2w721 + Ce—(w0+nw)2 < (1 . )\)\/E—F 06_(w0+nw)2/2-

—wo

Hence, there exists C' > 0 such that when
A > 14 Qe @otne)?/2

we have J(w,,0) < 0, and therefore, 7,(\) < 0. Since, in view of (2.18), for sufficiently
large n, 7,(A\) > 0 whenever A < a,,, and since v,(\) must be continuous, there exists A,
satisfying (1.15) and ~,(\,) = 0. By lemma 2.3 there exists a minimizer which must satisfy

(2.5), which completes the proof of the theorem. [J
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We note that the above theorem proves, only for sufficiently large n, that bifurcating
modes can exist and that A, > 1. Nevertheless, it seems plausible to conjecture that the
bifurcation may take place only for A > 1. Furthermore, it appears reasonable to believe
that A, is monotone decreasing, from which the previous conjecture readily follows.

It still remains necessary to find the dimension of the space of solutions of (2.4) for
A = \,. Consider then, (2.5), once again. Let ¢" = R¢,,, and ¢!, = I¢,,. Then, the real part

satisfies

—(on)" + [(z — nw)® = A] ¢ + Af? (207 + ¢",,) =0 (2.19a)
= (07)" + [(@+ nw)® = A o7, + Af* (267, + ¢]) =0 (2.19b)
(@) (—wo) = (¢7,)" (—wo) =0 (2.19¢)

whereas the imaginary part satisfies

= (60)" + [( = nw)® = A 9], + Af* (26], = 6L,) =0 (2.20)
= (05)" + [(w+ nw)® = A ¢, + AF2 (260, — 0)) =0 (2.20b)
(62)' (o) = (61,)' (=) = 0. (2.20c)

Consequently, if (¢!, ¢" ) is a solution of (2.19), then (¢, —¢",,) is a solution of (2.20). By
(2.6) we have
& = Pne ™ 4 G_pe
Substituting in the above a linear combination of the two independent modes (¢!, ¢" ) and
(igr, —ig",) we obtain
b= Carenm + Cgr emimee,
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where C' € C is an arbitrary constant. We can now represent ¢, upon substituting C' =
|Cle~3 | in the following form,

0

¢ — |O| gb;einw(xg—:cg) + ¢r_n6—inw(x2—m2) )

Consequently, the additional mode stands for translations in the x5 direction and is, therefore,
of very limited interest. Furthermore, since A\, must be of even multiplicity in X, it is not
possible to apply the Crandall-Rabinowitz theorem [12]. Thus, it is desirable to confine the

discussion to an appropriate real subspace of X. We thus define
X* = {ueX|u(zr,z2) = u(zy, L — x5) }.

In this space, we have ¢,, = ¢), for all n, and hence we need only to show that the solution

space of (2.19) is one-dimensional.
Lemma 2.4 ), is a simple eigenvalue of (2.19).

Proof: Let (¢n, ¢_p) and (¢n, ¢_,) be two different solutions of (2.19). We show that they

must be linearly dependent. To this end we first multiply (2.19a) by én to obtain

| (6u90 = duoa) =0

—Ww

Hence,
Hx() € (_w07 OO) [gbn&—n - anqb—n] =0
r=x
Consequently,
Xn On On
3C € R such that = +C (2.21)
X—n ¢-n Gn



vanishes at © = xq. Since (Xn, X—n) is a solution of (2.19) we must have J(xn, X—n) = 0. Let
then,

Xn l’oSJZ
Xn =

—Xn —Wo <X <X
Clearly, J(Xn, X—n) = 0, and hence, (X, X—»n) is a minimizer, which must have a continuous
derivative at zg. Consequently, x/ (zo) = X", (z0) = 0 from which we conclude that x, =

X_n=0.0

3 Weakly non-linear analysis

In the previous section, we showed that the linearized equation (2.4) has non-trivial solutions
for a sequence of eigenvalues satisfying (1.15). However, our goal is to prove that each of

these eigenvalues is a bifurcation point for the non-linear equation
F(A\u)=0 (3.1)

where F'is defined in (2.3).
In this section we prove the existence of a bifurcating branch at (0, A,,), for sufficiently
large n. Furthermore, we prove that the bifurcation is supercritical and prove that the bifur-

cating branch is energetically lower than v = 0, representing the one-dimensional solution

(1.8).
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3.1 Existence of the bifurcation

*

Theorem 3.1 FEquation (3.1) has a bifurcation point at (0, \,) in X.

Proof: We use Theorem 1.7 in [12] to prove the existence of bifurcation. In view of the

results of the previous section it remains to show that
Fyu¢ & R(Fu(0,),))
where ¢ spans the solution space of (2.4) in §*§ at A = \,. Alternatively, we can write
R {/oo ¢FAU¢} =0 (3.2)
—wo
The above condition may be applied also by applying to (3.1) the Taylor expansion

u=eul” + €4 (3.3a)

A= X0 1 e) (3.3b)

In the above A\ = ), satisfies (1.15), and u(? is a solution of (2.4). Theorem 1.18 in [12]
guarantees that

i =u + eu® + O(e?) (3.4a)

A=Y+ eX® 402 (3.4b)

This Taylor expansion, in powers of ¢, would be useful while investigating whether the

bifurcation is subcritical or supercritical and while estimating the energy of the bifurcating

branch near the bifurcation point.
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The O(€?) equation is given by

o\ 2
(iv + xlzg) u® = 2O [u® — (F(2, A©)2(2uD + aM)] = AV gy+

FAO £ (2, X0) [21u@ 2+ (u®)?] (3.5a)
where

{A[ (2, A))*2u@ + a@)] } . (3.5b)

which is exactly equation 1.20 in [12] applied to our particular case. Multiplying (3.5a) by

) we obtain after some manipulation that

AT = 2O {/f|u u® + 270 ))} (3.6a)

where

{ /|u(0 — —f2 (z, AO ‘u(o) +E(0)|2 — f2|u(0)|2} (3.6b)

A=)\(0)

Condition (3.2) is a solvability condition of (3.5). By (3.6) it can be expressed in the
form I, # 0.

In the previous section we showed that when A9 = )\, we have
U(O) _ ¢n€iwnx2 + ¢_n€—iwnx2’ (37)

where (¢, ¢_,) is a solution of (3.6). Hence,

2 [ 2
L= = 10U + (@ = nw)|6nl® + [01,]" + (& + nw)?|énf*~
o

P B
22 (102 4160+ ol 00l?) (38)
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In the following, we prove that I, > 0. To this end we need first the following lemma.

Lemma 3.2 Let

G g o |9 (=m0 — 2P
" gen f_ozo |62 '

(3.9)
Then, lim Bn =1.

Proof: We first prove that

ol <<
The equation satisfied by 0f/0\ = f, is
—f [ =X A=) ;5 A0)=0
Clearly, there exists xg such that
T>10= 22— A+ 32> 1

Suppose now, for a contradiction, that at some 1 > x, for some A = Ay we have fy(x1, \g) >
1 and f{(z1,Ao) > 0. Then, since for x > z( f, cannot have a maximum greater than 1 we
must have fy(z, A\g) > 1 for all z > x;. Since both f, and f} are continuous in A there must

be a neighborhood (Ag — €, A\g + €) where fy(z1,A) > 1 and f}(z1,A) > 0. Consequently,
r>x1; NE (N —€, o+¢€) = falz,\) > 1,

and hence,

flz, Ao +€) — flz, Ao —€) > 2¢
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for all z > x1, contradicting (1.10). Thus, for x > z7 we have
Az, A) >1= fi(z,\) <0
from which we can conclude that, for z > x,
ulz, A) < max(fr(zo, ), 1) < C(N)

where C' is independent of x. In a similar manner we can obtain a lower bound for f), and
hence,
of (A—1)/2 2
fa <Cxzx exp{—x~/2}. (3.10)
The lemma now follows from (2.7) with g = —2X\2 f0f/0X and £ = —nw — wy. O

We now return to the proof of Theorem 3.1. From (3.8) it easily follows that

-[>\ Z _ﬁn7
w

and hence, for sufficiently large n, I, must be positive, which proves our theorem.

3.2 Nature of the bifurcation.

In the following we show that in some neighborhood of (0, A,,) in X* xR we must have A > A,
along the bifurcating branch. Alternatively, we can state that the bifurcation is supercritical.
From a physical point of view we can say that if we decrease the applied magnetic field (and
consequently increase \) below the critical field which corresponds to A, then the bifurcating

branch continues to develop, i.e., ||u|| increases.
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Consider then, once again, (3.6). Using (3.7) it is not difficult to show that A" = 0,
which is a natural result inasmuch as we do not expect the sign of A — A9 to depend on the

sign of €. Hence,
S\ 2
(@'v + mg) u® = A [y = 220D 4 g = AOf 2O + @@, (3.11)
The next order equation is given by

A\ 2 N
(iV + $1i2> u® — 2O [u(2) — 2(2u® + u(2))} =

= \2gy, — 2O {’u(o)‘zu(o) + 2f [u(o)u(l) +uMu© + u(l)u(o)] } . (3.12)

The above equation no longer follows directly from Theorem 1.18 in [12]. Nevertheless, it
can be easily obtained, using the implicit function Theorem, in the same way it is used in
the proof of equation 1.20 in [12].

Multiplying (3.12) by u(® and integrating by parts we obtain

A, = \O / WO+ 2 [u©@ (@ + 2D + 2fu0) 2. (3.13)

We now multiply (3.11) by u™) to obtain

|
2
- A<°>/2fyu<°>\2 (u(l) +W)

Hence,

u® M

. A 2 1 2
AD 1, =20 / lu©@* + 2/ |(iV + z129)uM > — @ “u(l)‘ — 2l — §f2 1
(3.15)
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By (2.17) and (3.7) we obtain, that if we substitute u(®) instead of u") in the second
integral on the right hand side of (3.15) it must vanish identically. Furthermore, except for
a finite number of n values, (3.7) must span the solution space of (2.4) in X* when A\(®) = ),,.
Hence, (9 must serve as the non-trivial global minimizer of the second integral on the right

hand side of (3.15). Consequently,
R 1 . — 2
/|(2'V + x1i2)u(1)|2 — )\ [‘u(1)|2 B f2|u(1))|2 _ §f2 ‘u(l) + u(l)‘ ] >0 (3.16)

and hence,
20
> / lu@* > 0. (3.17)
A
This proves our assertion, namely, that A > A\ along the bifurcating branch, or, that the

bifurcation is supercritical.

3.2.1 Energy

In this subsection we prove that (1.8) is not a local minimizer of (1.13) for A > 1. To this
end we show that for every n > ng, there exist a right neighborhood of A, in R such that

E(f +u,\) < E(f.\). Let
o) = €0 =2 [t a5 - 7]
Let further

of +

A&(u, \) = E(f+u)—Eo(N) :28%{/(iv+$1%2)f (—iV + x119) }+/’ (iV + 2119)
+2/\§R{/yf12 [fa+ |ul?] +%f2a2+yu\ [fu+ |ul ] fﬂ—§]u|2}
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Using (1.9) and integration by parts yields
L2
Al(u,\) = / ‘(zV + mlig)u’ + )\/2 112wl + 2 u)® R (fa) +
1 4 2 1 _ - 2
A [ Slult =+ | fu+oul” (3.18)

We now multiply the (3.1) by @ and integrate to obtain

/

Combining the above with (3.18) we obtain

R 2 _
(9 +ariza] ==X [ 207 ful + uf? 2+ o) + £+ fuf' = uf?

ae(wN) =~ [ (17 +ult = 157 (3.19)
We now expand A€ in powers of €. By (3.4) we have
AE =SAED L AAED 1 0()
Substituting (3.4) in (3.19) yields
AE©) = _\O / WO % (fu®) =o0.

Once again, this result corresponds to the natural expectation that the sign of AE does not

depend on the sign of €. The next order term is expressible in the form
1 _ _ _
AED = _\O / 5 WO + [u©@]” R ( fu(1)> + 2R ( fu(0)> R <u(0)u(1)) (3.20)
Using (3.14) we obtain

Ae) _ _A(m/l O -
2

u® M

: 1
{169+ i =30 [ = - 3

i
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and by (3.16) we have

Ae < Lo / W®|* <0
=72

which proves our assertion, and hence completes the proof of theorem 1.1.

4 Concluding remarks

In §2 we proved the existence of a set of critical values {\,},~, for which non-trivial so-
lutions of (2.4) exist. We also show that A, | 1 exponentially fast according to (1.15).
However, there might exist, finitely many, additional values of A for which non-trivial so-
lutions of (2.4) can exist. It would be reasonable to conjecture that {\,}, -, is monotone
decreasing, yet, this hypothesis is proved only for large n. In fact, it is not proved yet that
A, > 1 for all n.

One can formulate the above conjecture in the following alternative manner: Let w =1

and

'7()‘7 a) = inf 3(¢a7 ¢—a>7

(¢>a7¢>—a)€9{><ﬂ-f
||¢(¥||iz+|‘¢foc”i2:1
where J is defined in (2.17). We look for values of A and « for which v = 0. For sufficiently
large « it is proved in §2 that there exists ap > 0 and a function A(«) : [ag, 00) — R such
that y(A(«), ) = 0, and such that A\(«) | 1 as @ — oo. If one can show that A(«) can
be continued into R, such that A(«) is monotone decreasing, the the above conjecture is

proved.

In §3 we proved:
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1. Existence of the bifurcation points.
2. Super-criticality of the bifurcation.

3. That the bifurcating solution is energetically preferable to the one-dimensional surface

superconductivity solution.

Statements 1 and 2 were proved only for sufficiently large n. For n which is not large,
the existence of non-trivial solutions of (2.4) does not guarantee I, > 0, and hence the
bifurcation points do not necessarily exist. In fact, even if the bifurcation from (\,, 0) exists,
it is not clear that it must be supercritical (if 7, < 0 then a subcritical bifurcation exists).

In contrast, statement 3 is correct whenever a bifurcating solution exists. It is correct even
for n which is not necessarily large, and even in the unlikely situation that the bifurcation
takes place at A < 1. The surface superconductivity one-dimensional solution becomes
therefore locally unstable at each bifurcation point.

Finally, we note that if it was possible to linearly superpose the bifurcating modes then

the resulting combination would have the form
b= + ) Cadnetn
n=—00

and since

b o ¢ Har?

as n — oo for 1 ~ O(n) we have

n=—oo
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for P> 1 and = ~ O(P). The above formula thus approximates ¢ far away from the wall
at ;1 = 0. If

N : Cn+N = Cn Vn

Then the right-hand-side of (4.1) is periodic, or an Abrikosov lattice [2, 9, 4].

(Clearly, it is impossible to linearly superpose modes since the equations are non-linear
and since the bifurcations take place at different values of A\. Nevertheless, if 0 < A —1 < 1
then 0 < A — A\, < A —1 for almost every n. Hence, one might expect that the effect of
non-linearity tends to 0 as A — 1, and thus, that the solution far away from the wall can be

approximated by an Abrikosov lattice.
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A The one-dimensional solution

Theorem A.1 Let H and B(z) be, respectively defined by (1.6) and (1.7). Let A > [((z).

Then, there exists a positive solution in H to the equation

—f"r22f=Mf(1—f* ; f(2)=0. (A.1)

Moreover,

f(z) ~ e T e 2™ gsz— 00 (A.2)
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Proof: Let

1@54] dx.

wl0)= [T+t -a -

We first prove the existence of a minimizer JH. Clearly, there exists (o > z such that for

x > 9 we have 22 > X\ + 1. Then, since

we have for all ¢ € H

(6) 2 5 =),

Since €, is semibounded there is a minimizing sequence {¢,}>>, in H. As

xo 2 T o
! (/ &)s/'ﬁ§2/ e
Lo — % z z z

where C' is independent of n, we obtain that ||¢,|/124,) < C. Recalling that z* — X > 1

in [29,00) yields ||¢n||12(2,00) < C and hence ¢y || g1(z,00) < C. Thus, there is a subsequence
which converges weakly in H'(z,00) to a limit, which we denote by f. We skip the proof of
lower semicontinuity - some of the details can be found in the proof of lemma 2.4.

Since f is a minimizer of €, in 3 it must satisfy (A.1). Suppose for a contradiction that

it changes sign at x = xy. Then let

Clearly, €.(f) = €.(g), and thus, g must be a minimizer and therefore, a solution of (A.1).
Thus, either f =0, or f does not change its sign (both f and —f are minimizers).
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We now prove that f is non-trivial. Let u, be the minimizer of the fraction on the

right-hand-side of (1.7) such that ||u,||s = 1. Then

e.(cuy) = =\ — B(2)] + ! /oo |, |*

Therefore, for sufficiently small ¢ the minimizer must be non-trivial.

It remains necessary, yet, to prove (A.2). We first prove that f — 0 as  — co. Suppose
first, for a contradiction, that for some x5 > z¢ we have f’(z3) > 0. Then, since f cannot
have a maximum for x > z, f must be greater than f(zs), contradicting f € H. Thus,
f' <0 for all x > xy from which we easily conclude that f — 0 at infinity.

Let w(zx,t), where t > x, denote the decaying solution of
—w" + [ = Nw=0 ; z>twtt)=1

By the maximum principle we must have that f < f(t)w for all x > x. Let f(z) =

f(t)v(z,t)w(z,t). Substituting in (A.1) we obtain

v = —m /00 (s )w(s, t)ds > —Mf2(t) /OO w?(s,t)ds

The properties of w have been obtain in [19] but can be also found in chapter 19 of [1]. From

both references we find that as t — oo, x — o0

A—1

w ~ <%> Pei@ )y >y

and hence, for all x >t

2 ar? 12 —z? /
—2\f (t)t/\_le <v' <0
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Since v is decreasing it must converge to a limit as x — oco. Integrating the above inequality

by parts we obtain

Uoo(t) = lim v(x,t

r—00

y21-aL0
- t

For sufficiently large t we therefore have v (t) > 0, proving (A.2).
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