Non-linear surface superconductivity in three
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Abstract

The Ginzburg-Landau model of superconductivity is considered in three dimensions.
We show, for smooth bounded domains, that the superconductivity order parameter
decays exponentially fast away from the boundary as the Ginzburg-Landau param-
eter k tends to infinity. We prove this result for applied magnetic fields satisfying
hes — K > k2. Additionally, we prove that for applied fields greater than Hc,, the
only solution in R? satisfying a certain decay condition is the normal state. Finally
we prove that bulk superconductivity decreases to zero as he; T He,, and thus extend

(though in a weaker sense), the results in [?] to three-dimensional settings.
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1 Introduction

Consider a superconducting body which is placed in a sufficiently low temperature (below
the critical one) under the action of an external magnetic field . Its energy is given by the

Ginzburg-Landau energy functional which can be represented in the following dimensionless

form [7]
[ i
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in which W is the (complex) superconducting order parameter, such that |¥| varies from
|W| = 0 (when the material is at the normal state) to |¥| = 1 (for the purely superconducting
state). The magnetic vector potential is denoted by A (the magnetic field is, then, given by
h =V x A), he, is the applied magnetic field, which is assumed constant in this work, and x
is the Ginzburg-Landau parameter which is a material property. Superconductors for which
k < 1/4/2 are termed type I superconductors, and those for which x > 1/4/2 are termed
type II. The domain 2 is the domain of superconductor whose Gibbs free energy is given by

E. Note that F is invariant to the gauge transformation

U — "y ; A—A+Vn. (1.2)

It is known both from experiments [?] and rigorous analysis [?] that for a sufficiently
strong magnetic field the normal state (¢ = 0, h = h,,) would prevail. If the field is then
decreased, there is a critical field, depending on the sample’s geometry, where the material
would enter the superconducting state. For samples with boundaries, this field is known as

the onset field and has been termed Hg,.



The simplest case in which the bifurcation from the normal state to the superconduct-
ing one was calculated is the case of a domain-wall [?]. The analysis in this case is one
dimensional: the linearized Ginzburg-Landau equations were solved on R,. Even in this
simple case the onset field is substantially larger than the bifurcation field on R [?], which
has been termed H¢,, Thus, He, ~ 1.7k, whereas Ho, = k. Furthermore, it was found
that superconductivity is concentrated at the onset near the wall, i.e. 1) decays exponen-
tially fast away from the boundary, which is why this phenomenon has been termed surface
superconductivity.

The situation is no different in two dimensions: it was proved in [?] and [?] that the
bifurcating mode R? is one-dimensional and that the value of He, is exactly the same as
in the one-dimensional case (similarly, Ho, = r in R? where the bifurcation takes place in
the form of periodic solutions). It was later proved for general two-dimensional domains
with smooth boundaries [?, ?], that as the domain’s scale tends to infinity the onset field
tends to de-Gennes’ value, and that ¢ decays exponentially fast away from the boundary.
For boundaries which include wedges the onset field will be larger than de-Gennes’ value
[?7,2,7,7].

Three recent contributions [?, 7, ?] study the behaviour of the global minimizer of the
energy functional (?77) for external fields satisfying k = He, < her < He,. In [?] the limit
Kk — 0o is considered: it is demonstrated that v decays, in L? sense, exponentially fast away
form the boundary. The results are valid whenever h., — k> 1 as kK — oco. In addition the

energy of the global minimizer is shown to be evenly distributed along the boundary. In [7]



the exponential rate of decay is demonstrated for h., — x > 1/k. In [?] the large domain
limit is considered: it is demonstrated for the global minimizer that both 1 and h tend, in
C“ sense, exponentially fast away from the boundary, to the normal state. The results are
valid whenever h., — k ~ O(1) as the domain’s size tends to infinity.

In contrast with the significant progress in the study of surface superconductivity in two
dimensions, very few works address this problem in three dimensions. Lu and Pan obtained
in [?] several important results in the limit k — oo. Some of these results, for the case of

constant applied field, are listed below:

1. HC3 ~ 1.7k.

2. Let 092, denote the portion of 9) whose normal is orthogonal to the applied field h.,.

Then, as he, T Hey,

(a) 1Yllze@ — 0

(b> Hh - hexHL‘”(Q) —0

(c) Hwﬂgm) — 0 on 2\ 9Q.

In a previous contribution [?] the same authors obtained similar results for cylindrical do-
mains.

In the present contribution we focus on the limit kK — oo for general smooth three
dimensional domains. We prove that any solution of the Ginzburg-Landau equations (?7)
(which are the Euler-Lagrange equations associated with the energy functional (??)) together

with the natural boundary conditions (?7), tends to the normal state (¢ = 0, h = he,)
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exponentially fast away from the boundary as long as he, — & > &'/2. This improves the

results in [?] in three different aspects:

1. While the results in [?] are valid only as h., ~ Hc,, or near the linear bifurcation, the

present results remains valid deep into the non-linear regime, as long as hey — K > k'/2.

2. While the rate at which the solution attends the normal state is not clear in [?], we

prove exponentially fast convergence.

3. The results in [?] are valid only for the global minimizer of (??7), whereas here the
estimates are valid for any solution of the Euler-Lagrange equations and the natural

boundary conditions.

In contrast, however, the information on the distribution of ¢ over 02, provided in [?] near
the nucleation, has not been obtained here.

In addition to the above results concerning surface superconductivity we briefly discuss
the decrease of bulk superconductivity as h., | He,. In a recent contribution, Sandier and

Serfaty [?], proved that in the above limit, in two dimensions,

1

[t =0
1Br| /B,

for any ball B, C 2. We show here, for three-dimensional domains, that

1
@/ﬂ|¢\4—>0

in the same limit. While the above result is weaker than the one obtained in [?], it still
shows that bulk superconductivity decays, in three dimensions, as h., T Hc,.
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Finally, we prove that no solution, satisfying the decay condition (??c) of the Ginzburg-
Landau equation, but the normal state, can exist in R? as long as he, > . In [?] we showed
the same result in R?, for a larger class of bounded solutions (for which i — h., as z — o).
Thus, the additional dimension requires an additional decay condition.

In the next section we prove the above non-existence result in R?. In §3 we prove expo-
nentially fast convergence of any solution of the Ginzburg-Landau equations and the natural
boundary conditions to the normal state away from the boundary, as long as
hew — k> k2. In addition, we show in this section that bulk superconductivity decreases
as hey T He,. Finally, in §4 we briefly discuss a few key points which are insufficiently

emphasized in the previous sections.

2 Non-existence in R3

In this section we prove the following result:
Theorem 2.1 Let 1) : R* — C and A : R3 — R? satisfy the equations
; 2
(—V+A) U="U(1-|¢f) zeR’ (2.1a)
K
—V x (V x A) = 21 (T*VT — UVT) + [U2A 2 € R, (2.1b)
K
together with the rate of decay condition

1
lim inf — [Y)* + |h = he|> =0 (2.1c)
R—o0 R<|z|<BR

where the applied magnetic field, he., is a constant and k is a unit vector in the z direction,
and 3 > 1. (For reasons of convenience we pick the Coulomb gauge in sequel, i.e., V-A =10.)
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Then if either
1. hey > K and k> 1//2,
or
2. ey < i and k < 1/\/5,
then, ¥ =0, h = he, is the unique solution of (77).
Proof: Let 1) = pe’®. Multiplying (??a) by e~ and taking the real part we obtain
2 |V x h|?

=, (2.2a)

1, 9 1
-V 1 — =p|=-Vo —
2 p+p( p) p'ﬁ p—A 5

whenever p # 0. [To obtain the second equality in (??) we used (??b)]. Taking the curl
of (?7b) [by standard elliptic estimates any solution of (?7) must be C* on any smooth

compact subset of R?] yields
2 2 2
Vh —p°h==Vpx (V xh), (2.2b)
p
whenever p # 0. Consider first the case he, > &, £ > 1/1/2. Define

1
a:h_ _2/\ , o = a.A 23
v /<c~|—2ﬁpoz Uy = Vg * & (2.3)

where & is any constant unit vector. Combining (??a) and (?7b) we obtain after some
manipulation

vaa2
p

2 2
VUy — p g = K

1. 2 1 4
—|a-V - — 2.4
bla ol (x50 ) (2.0

whenever p # 0. Note that when & = k, h = h(:v,y)l%, and p = p(z,y) we obtain the same

equations as in the two-dimensional case.



It is possible to derive a similar equation which is valid when p = 0 as well. As

V2h — p*h = V(p?) x A+ %w* X V) (2.52)

2 1
4
+ 2.
(/@ 2/{) P, (2.5b)

we have,

2
K

2

(1v+A)w+m>< (1V+A>¢
K K

. 2
(3v+A)w
K

Combining (?7?) and (??) yields, then

2

(2.6)

= KR

2

ta- {V(p2)><A+évw*XV¢} —f‘(£v+A)w-a

2

K
VUy — pPUg = = +
2 |\ K

(iv+A>w+mx (£V+A)z/;

. 2
+5‘<éV+A>¢~d +<m—i>p4, (2.7)

2

and comparing with (??) we obtain

. . 2 . 2
deéfg (éV+A>w+idx(£V+A)w +%’(£V+A)w-@ =
Vxog]? 1.
—’ 5 +?|a~Vp]2 (2.8)

whenever p # 0.

We now pick & to be parallel with h., and denote u, by u in that direction. Let



Multiplying (??) by u™ and integrating over B(0,r) we obtain
Sut
/ ut S > F(r) (2.92)
9B(0,r) or
where
F(r) = / rutJ2 + p? (u+)2 + ’Vuﬂz . (2.9b)
(0,7)

multiplying (??a) by 1/7? and integrating between Ry and R; yields

1 fu R p
—/ (ut)® z/ ") 4 (2.10)
2 So Ro Ro T
Hence,
) 1 o
f, sz Joe -]
T 2
Ro Sa r=Rg
Yet,
/ [(hm—@?—(u*) {/ |z, —h2\+/ |hex—h\+/ p4} i=0,1.
S2 SQ 52 T=R7;
However,

1/2 1/2
/ |h2, — 12| _p, < {/ ]hem+h|2} { |ew —h[2} <
Sa r=R; Sa r=R;

1/2 1/2
< {2 |hex—h|2+h§x} { |hex—h|2} i=0,1,
Sa r=R; Sa r=R;

1/2
/ |hew — 1 gc{ \hm—hﬁ} :
SQ 52

o 1/2
/ (;)drgo { |h6x—h\2} + [ |hew — B[P+ p*
Ro T =0,1 52 52

(2

and

Thus,

(2.11)




In view of (??c) there exists a sequence { Ry}, such that Ry T oo and

2
RZ ) e — B + 0|, — 0.
2

Hence, by (?77)

R.
i F(r) € € .
dr< —+-=2L j>ke —0
/Rk 2 SR TR e

from which we conclude that

Ry T Rk

/OO F(Zr)dr< k. (2.12)

Suppose, for a contradiction, that 3ry > 0 such that F(rg) > 0. Since F(r) is monotone

increasing we have

[0y s £

Ry, 7'2 Rk
which contradicts (??), and hence F(r) = 0. Consequently, we must have vt = C' and if
C' > 0 we must also have p = 0. By (?7c) we must have, however, v = he, — k > 0 from

which our theorem can readily be proved for type II superconductors.

To prove that the same result holds whenever k < 1/ V2 and he, > i we define
B o (1-p?a (2.13)
Wy = h — —(1 — p“)& )
2K P

to obtain

A 1
(V2= p?) wo & = KJ2+ (ﬁ —Fv) (0* — p*),

and proceed in the same manner as in the previous case.

U
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3 Surface superconductivity as Kk — oo

In this section we consider the Ginzburg-Landau equations (??) in a bounded domain © C R?
whose boundary is at least C% for some 0 < o < 1. Let (¢, A) satisfy (??) and the boundary

conditions
(%VJFA)w-ﬁ:o . (h—he) x =0 (?7a,b)

We show here that as long as the applied magnetic field h., is sufficiently greater than x, ¥

decays exponentially fast away from the boundaries. Thus, we prove the following result

Theorem 3.1 Let (¢, A) satisfy (77) and (??). Let A\ = \/(hex — K)k. If hey — k> K/?

as k — 00, then there exist 3,C > 0, independent of k and X\, such that

C — T
1V 2B/ < Na° PArd(, 0 (3.2)

For every x € Q) satisfying d(z,00) > 1/\

We note that the above theorem is valid not only for the global minimizer of (?7) but

for any solution of (??) and (??). To prove the theorem we need first the following lemma.

Lemma 3.2 Let (¢, A) denote any solution of (??) and (??). Then if hey > K

/ﬁs% (3.32)

Q
/ h— he|? < % (3.3b)
Q

where C' 1s independent of k. Furthermore, let A denote the vector field satisfying

VxA=hyg 3 V-A=0 ; A-n| =0. (3.4)



Then,

HA—AH < (3.5)

C
Le(Q) — kY2

Proof: Multiplying (??a) by p?y and integrating over ) we obtain, after some manipulation

/p2 (£V+A)\If
QO K

By (??b) we then have

) 2
/|V><h|2§/p2 (3v+A>\p g/,& (3.7)
9 Q K Q

Note that V - h = 0 and that (h — he;) X 71|pq = 0, and hence [?],

/ h— ho? +/ Vi < c/ IV % h? (3.5)
Q Q Q

where C' = C(1) is independent of k. Consequently,

/th]2+/ |h — he|? go/ﬁ*. (3.9)
Q Q Q

Let Qs denote the following subdomain of 2

2
1
+—2/,02|Vp|2 =/p4(1—p2) (3.6)
K= Ja Q

Qs ={z € Q|d(z,00) >},

where 6 = §(r). For sufficiently small § 9€2; is as smooth as 9Q (at least C** in our case).

Integration of (??) over Qs yields

/p2u+(/@—i)/p4</ @
Qs 2K Qs - 89(;8”7

where u = u, and & = i3. Hence,

/ P*(hew — K) —i—/ p?(hs — hey) + n/ pt < / @ (3.10)
o Qs o o0 0N

12



However, by (?7?)

1
S—{/p4+]h—hexl2} §C/p4.
2 /o 0

/ /)2<h3 - hex)
Qs

Consequently, since ||plloc < 1 [?],
0
(5—0)/ P e
Qs Qs on
From the foregoing discussion we may conclude that for sufficiently large x

/ p4§€ @JFCQ (3.11)
Qs K

K Qs 871

We now estimate the boundary integral on the right-hand-side of (??). Clearly,

0 1
[oge< | whleg [ v
Qs on Qs 2K o0

The second term on the right-hand-side can be bounded as follows

1 1 1/2 .
— Vp?| < C {—2/ pQ\Vpﬂ <C / p° (£V+A> ]
2K 00 K™ Jaqs Qs K

] 1/2
(3V+A) v

K

(1v+A) U
K

57 1/2

Hence,
2

o o
895@71

/ VAP + g2
Ng

However, there exists 1/k < § < 2/k such that

/ V]2 + p? (3v+A>\IJ
IoP) K

Utilizing (??) and (??) we obtain

C 2
4o 4 e
Lo =sm o] 5
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< cfg/ |Vh|? + p?
Q




yielding

)

=1 Q

/p4§
Q

/ |h — heg|* < Q‘
Q K

To prove (?7?7) we need (?7) and theorem 10.5 in [?]. The boundary value problem satisfied

and, by (?7),

by A — A is
V(A—A)=-Vxh inQ (3.12a)
(A—A)-A=0  ondQ (3.12b)
Vx(A—A)xa=0  ondQ (3.12¢)

Since (?7?) fits into the rather general framework in [?] we may conclude that
|A — AH?{Q(Q) <C {/ IV x h|? +/ |A — fl|2} : (3.13)
Q Q
However, in view of (?7a) and (??b) we have (cf. [?])
‘/M—Aﬁgc/m—mﬁ (3.14)
0 0
where C' = C(12) is independent of k. Combining (??), (??), (??), and (??), we obtain

A = A2 <

=1Q

Sobolev embedding completes the proof of the lemma.
O

We note that the condition A, > & is crucial only in deriving (?7) from (??). If he, < K
we can still prove the following result
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Theorem 3.3 Let (¢, A) denote any solution of (?7) and (?7). Let further b = hey/k.

Then, if b(k) < 1 we have

= Q

/p4 < —+ Q|1 - b)? (3.15a)
Q
1
/ |h —he,|* < C [— +(1— b)ﬂ (3.15b)
Q K
Furthermore, if (v, A) is the global minimizer, then
1 , C
—§|Q|(1—b) - < E@,A) <0 (3.16)

Proof: From (77) we easily obtain

/;ﬂgg @+05+(1—b)/p2. (3.17)
Q Q

K Qs (971

Following the same steps as in the proof of lemma ?7 below (??), we obtain that for some

% _ i /IO4 1/2
Qs 877/ - KI/Q Q ’

Combining the above with (??) yields

C 1/2 C 1/2
47 4 =~ . 1/2 / 4
/Qp_ﬁl/g{/gp} +—+ (1 -0)|Q] {Qp} ,

from which (?7a) is easily obtained. To obtain (??b) we use (??). Finally, since (¢, A) is a

1/k < < 2/Kk we have

solution of (??) and (??) we have

B A) = [ Ih=hal =3 [ o

The lower bound in (?7?) follows now from (??a) and the upper bound from the fact that

p =0 and h = he, is a solution of (??) and (77).

g
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Stronger results were obtained in [?] for domains in R?. We compare theorem ?? to the
results in [?] in the last section.

Proof of theorem ?7: We prove the theorem by invoking blow-up arguments. Let
A= Vk(hey — K.
We first prove (?7). Let
O\ k, ) = {x € Q| d(z,00) > k:i} .

We prove (??7) by showing that

1
Fro.so: sup [[Y(K, M gy < 5 _ sup 1005, Ml 2(p@ayny V8 > s0 A > o, k€N
2EQ(Ak,5) 2€Q(\k+1,5)

(3.18)
Suppose, for a contradiction, that (?7) does not hold. Then, sequences {)\j};il,{lij};il,

{s;}72,, and {k;}72, exist such that \; T 0o, x; T 00, s; T 00, kj € N, and

1 def 1
sup V(K A 1/ = 5 Sup Y(Ki, \; s = omy (319
z€Q(A; kj+1,85) H ( ’ ])HLQ[B( 1/23)] 2 T€Q(A;,kj 85 ” ( ’ ])HLQ[B( /A0 27 ( )

Let
b, Y(kg A)

J
m;

By (?7?) there exists z; € Q(\;, k;+1, s;) such that HszHLz[B(xj’l/)\j)] > 5. Furthermore, since

1
3

B(zj,1/);) € Q();, kj, 55) we have

b <1

<|
L2[B(z;1/X5)]

1
2
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Define
~ T
fi=1v; (%Jr)\—J)

In view of the above we have

1
-\ < / fi? < X8 3.20
4 7 B(0,1)| J| ] ( )
It is easy to show that
i\ -\
(H—jv + A]) fj = f]' (1 — m? |f]’2) xr € B(O, Sj) (321&)
j
wherein
we now define a cut-off function
1 in B(0,r)
N =
0 in R3/B(0,2r)
V| <C in R
5 (cf [7),

Multiplying (??a) by n?, and integrating over B(0,2r) we obtain, for all r <

that

/B(O,Zr)

J

2 )\2
:/ UG (L= m2 7)) £ 2 I (3.22)
B(0,2r K

(294 4) )

Ky
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Let A; = A(x; +2/);), where A is defined in (??) . Then,

2
/B(O,Qr) N /B(O,QT)

A n - _ K n
+/ “L(A; — Aj)n? ll (fiVfi— V) +22 ‘fj|2Aj:| +
B(0,2r) )‘j

Kj
o,
B(0,2r)

2
+

(&V + AJ) (nrfj)

kj

(2294 4) )

kj

~12
Ay = Al 21l

Clearly,
2 )\] = 3 2 4 r Z>\J A
1, [ZK—J (fiVfi = V) +21f] Ay] = 2R {ﬁrfj (K—]V + Aj) (ﬁrfj)} )

and hence

/;(0,27‘)

2
>

(&V + Aj) (- f5)

kj
/B(O,ZT)

2

12 1/2
> A= Al i)

01 1/2
] |:/B(O,2r)

kj

By (?7) we have

Y 2
[ (2vea)mn) 2
B(0,2r) Kj
. 1/2 12)
I n 2 C
>{L/ (4V+AQWJ»] - [ e } (329
B(0,2r) Kj K; B(0,2r)

However, in [?] it was shown that

2 )\2
/ > (145) [
R3 fij R3

Combining the above with (?7) and (??7) we obtain

2\ 1/2 2
1 + ﬁ _ L
K2 /il/Q

J J

K

2

22
[oownes [P [ ek
B(0,2r) B(0,2r) K5 JB(0,2r)
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Hence,

=

C K2 )
e 11 I -l O\ 72
K - B(0,2r) B(0,2r)

Thus, as long as )\g > Iij-/Q (or hey — K > k2) we have, for sufficiently large j

/‘ 7ﬂh?§2/‘ Vil £
B(0,2r) B(0,2r)

C C
PR =y 3
B(0,r) " JB(0,2r) ™ JB(0,4r)

By (?7) we have, however,

>

Consequently,

/ fil? < CrA))?,

B(0,4r)

and hence,
1 C
N < 12 < =3
4 _/B(o,r)‘fjl —r 7

a contradiction. Hence, 1) must satisfy (77?).

4 Concluding remarks

In the following we briefly summarize the main results of this work and address some key

points insufficiently emphasized within the previous section:

1. In §2 we proved that no solution which satisfies (??c) can exist in R? as long as
hex > k. We note that in [?] it was shown that no bounded solution can exist in
R? for h., > r (as long as h — he, as |x| — oo. It is not clear whether (?7c) is
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really necessary so that theorem 7?7 would hold. Nevertheless, the necessity of this
decay condition in the proof of the theorem results from the additional dimension: in
(??) we integrate F'(r)/r? instead of F(r)/r. The fact that such an additional decay

condition is necessary in R and not in R? is not unusual (cf. [?] for instance).

2. In §3 we proved exponentially fast decay of ¢ away from the boundary whenever
hew — K >> K2, This result is much weaker than the result in [?] where exponential
rate of decay is proved, in two dimensions, whenever h., — k > 1/k. This relative
weakness of the present results stems from the difficulty to provide good estimates for
|Vh| in three dimensions: while in two-dimensional settings |V x h| = |Vh|, we need
more complicated relationships, like (??), between |V x h| and |V | in three dimensions.
We note that (?7) is valid only because of (??b), and hence, we cannot apply it to
subdomains of €2. For the same reason it appears difficult to prove exponentially fast
convergence, away from the boundaries, of h to a constant, in contrast to the situation
in two dimensions. The large domain limit, which has been addressed in [?] in two

dimensions appears to be also difficult for the same reason.

3. We note that while the decay of v is proved in theorem ?? only in L? sense, it is

possible to show, in the same manner shown in [?] that
w0 (5)" eptom
- A
It is also possible to obtain similar estimates for the derivatives of 1.

4. In theorem ?? we prove that ||¢||p4q) decays as both he, — & and K — co. Much

20



stronger results were obtained in [?] for two-dimensional settings:

(a) The upper bound of E(i, A) in HY(Q) x H'(Q) is better than the rather trivial

upper bound in (?7?).

(b) In [?] it is proved that

1
|Br| /s,

pt—0

as both h., — k and kK — o0, for any ball B, C (), whereas here the above result

is proved only for the whole domain 2.

It seems possible to obtain better estimates than (?7) using the same techniques as
in [?]. In contrast, it appears more difficult to obtain (??) for any B, C  since the

estimates of |Vh| and |Vp| obtained in [?] are not available in three dimensions yet.
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