The distribution of surface superconductivity along the
boundary : on a conjecture of X. B. Pan
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Abstract

We consider the Ginzburg-Landau model of superconductivity in two dimensions
in the large x limit. For applied magnetic fields weaker than the onset field Hc, but
greater than Hc, it is well known that the superconductivity order parameter decays
exponentially fast away from the boundary. It has been conjectured by X. B. Pan
that this surface superconductivity solution converges pointwise to a constant along
the boundary. For applied fields that are in some sense between Hc, and Hcy, we
prove that the solution indeed converges to a constant but in a much weaker sense.

1 Introduction

The Ginzburg-Landau energy functional of superconductivity is given in the form
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in which Q CC R? is smooth, ¥ is the (complex) superconducting order parameter, such that
|W| varies from |¥| = 0 (when the material is at a normal state) to |¥| = 1 (for the purely
superconducting state). The magnetic vector potential is denoted by A (the magnetic field is,
then, given by h = V x A), h, is the constant applied magnetic field, and & is the Ginzburg-
Landau parameter which is a property of the material. The functional 7 is invariant under
the gauge transformation

U —e™U A A+ Vn, (1.2)
where 7 is a smooth function. We focus here on the properties, for a given h.,, of the global
minimizers' (¥, A.) of J in H'(Q,C) x H'(Q,R?) for type II superconductors (for which
x > 1/4/2). Note that every global minimizer represents actually an orbit of minimizers
associated to the group of transformations (1.2).
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1.1 The onset of superconductivity

It is known both from experiments [18] and rigorous analysis [13] that for a sufficiently
strong magnetic field the normal state (U = 0, h = h,,) would prevail. If the field is then
decreased, there is a critical field, depending on the sample’s geometry, where the material
would enter the superconducting state. For samples with boundaries, this field is known as
the onset critical field (or nucleation field) and is called He,. This leads to the definition
(cf. [19, 15, 10] for instance)

He, (k) = inf{h.y >0 : (0, A) is the unique global minimizer of J}, (1.3)

where A : Q — R? satisfies V x A = h.,. The minimizer (0, fl) is unique in the sense that
any other minimizer is gauge equivalent to it, i.e. it should be in the form (0, A+ Vn). We
note that in that for our choice of scaling in (1.1) we have He, ~ &, as k — oo for smooth
Q) [17], where ©y is approximately 0.59.

The simplest case in which the bifurcation from the normal state (0, A) to the supercon-
ducting one was described is the case of a half-plane [20]. The analysis in this case is one
dimensional : the linearized Ginzburg-Landau equations were solved on R, . A similar situa-
tion occurs in two dimensions : it was proved in [17] and [7] that the bifurcating mode in R%
is one-dimensional and that the value of H¢, is exactly the same as in the one-dimensional
case.

In addition, Saint-James and de Gennes [20] found that superconductivity appears first
near the boundary for a half-plane, i.e. the order parameter ¥, decays exponentially fast
away from the boundary. This phenomenon, which appears only in the presence of bound-
aries, is therefore called surface superconductivity. It was later proved for general two-
dimensional domains with smooth boundaries [17, 7|, that as the domain’s scale tends to
infinity the onset field tends to de Gennes’ value, and that ¥, decays exponentially fast away
from the boundary.

Another related problem that has been considered in the literature is the distribution of
| W, | along the boundary near the critical field. In [4], this distribution was formally obtained.
This led to the conjecture that |U,| should be maximal at the point of maximal curvature
along the boundary. This was indeed proved a few years later [15, 16, 11, 12]. Furthermore,
it was shown that W, decays exponentially fast away from the points of maximal curvature
along the boundary.

1.2 Weakly non-linear analysis

Suppose now that he, is further decreased below H¢,. While the minimizer W, still decays
exponentially fast away from the boundary much after the nucleation in the highly non-linear
regime when k < he, < Hey [1, 19, 2], the exponential decay along the boundary disappears
quite rapidly as h., decreases. More precisely, if we introduce the distance to the nucleation
field p by

p(/i) = HC:_%(K) — heg



then, exponential rate of decay along the boundary (far from the points of maximal curva-
ture) is guaranteed only when
p(k) —— 0.
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Furthermore, it was proved in [10] that if p satisfies

- _ oo pR)
fim p(r) =00 5 lim o =0,
then there exists u € S(R*) such that
/ W, (z)]* — Py (—K t(a:)) 2 dx = o(pr?) (1.4)
al " AV ’

where t = d(z,08), A = K/hes.
This leaves open the situation when p(x)/x2 does not tend to 0 as x — oo and in particular
becomes of the order of k2. This is this last case, which will be considered in this article.

1.3 Highly non-linear Analysis : Pan’s conjecture

Given some A €]/, 1[, let (ky, hZ, )nen, denote a pair of sequences satisfying

lim k, =00 ; lim ﬁ:/\.
n—-+o0 n—+o0 hg'm
In the above Sy = lim,_, o k/Hc, (k) (we provide a better definition of /3y in the next section).
In [19] (Conjecture 1) X.B. Pan conjectures the existence of a function |Gy, 1[2 A — C(X) €
R* such that, for any sequence as above,

T, (z)] = C(\), Va € 0Q. (1.5)

While the conjecture appears to be correct in its essence — any minimizer, as the results in
[10] and in the present contribution suggest, does tend in some weak sense to a constant
along the boundary — we believe that either the convergence assumed in (1.5) cannot be
uniform, or else that the global minimizer must be discontinuous in h., and . Let us sketch
the heuristic arguments supporting this belief. We first write the Euler-Lagrange equations
associated with (1.1) (or the Ginzburg-Landau equations) :

. 2
(%v + AH) U, =W, (1 [P, (1.6a)
iE
2K

If |¥.] > 0 for all z € 9Q (and this is indeed the case if we assume uniform convergence
in (1.5)), we can divide (1.6b) by |¥,|* and integrate over 9 (the measure on 92 being
denoted by ds), to obtain the existence of an integer N(¥,) such that

B 2
/ V X (hﬁz hex)ds i / h, dr = —WN(\IIH),
o |V 2 "

~V X VXA, =— UV, -V, V) + U, A, . (1.6b)
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where h, = V x A, is the induced magnetic field.

The integer N(V,) € Z is the winding number (or the degree) of ¥, around 052, (which is
invariant under the transformation (1.2) since n must be smooth).

In [9] it is proved that W, vanishes at isolated points or curves which should end on 9.
If |U,| does not vanish on the boundary, as implied by (1.5), it is clear that ¥, can only
vanish at isolated points. Thus, we can conclude that N(W,) is the number of vortices of
U, . including multiplicities, in €.

In [16], it is proved (see [19] for an extension to the case which is considered here) that,
for any €y > 0, there exist C' > 0 and kg, such that, if k/he, € [Bo + €0, 1 — €0] and Kk > Ko,
then

1 = eal =) + [ (s = bt ey < C

Hence there exists a constant C' such that :

Q
N(¥,) — /fhegcu <Ck. (1.7)
2w

Suppose now that the minimizer is unique when varying h., and s as above. It is in
this case reasonable to think that (V,, A,) varies continuously. If there exist kg, ¢, > 0 and
C > 0 such that

1
|Wy| > = on 00, VK > Ky s.t. i

c hexe[)\—el,)\—i—el],

(which would be a consequence of a uniform version of (1.5)), then N (¥, ) must be fixed, by
continuity, for all k > kg such that k/he, € [\ — €1, A+ €], and this is in contradiction with
(1.7).

The above argument works not only for (¢, A,) but for any solution of (1.6). If indeed
critical points of (1.1) are continuous functions of k and h, in this regime, then (1.7) would
contradict another conjecture of Pan (conjecture 2 in [19]), implying that any solution of
(1.6) converges to a constant along the boundary when k — 0o and k/he, € (fp,1). While
the existence of continuous branches of critical points appears to be reasonable, two counter-
examples come to our mind while discussing the continuity of the global minimizer:

1. Serfaty, [21] proves, for much lower external fields, that a large number of local minimiz-
ers of (1.1) in a disc, characterized by different winding numbers, exist for sufficiently
large k whenever %f(l < hep < Ok for some 0 < o < 1. In this regime of applied
magnetic field values the magnetic field in non-uniform inside the domain, and hence
the vortices are kept near the disc’s center, which minimizes the magnetic field term
in (1.1).

While in the present case h., and x have same order, if we allow for an O(1) change in
the applied magnetic field we might still encounter a global minimizer which turns into
a local minimizer (or a critical point) and vice versa. Thus, this result suggests that
the contradiction between (1.7) and the convergence to a uniform constant along the
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boundary might be explained by arguing that the global minimizer is discontinuous.
However, unlike the case discussed in [21], no equivalent mechanism which keeps the
vortices away from the boundary is presently known as the magnetic field uniformly
converges to he, in € [2].

2. Bauman et al. [3] found radially symmetric solutions of the linearized version of (1.6).
These solutions are characterized by a “fat” vortex at the disc’s center. The degree of
the vortex is determined, to leading order in the large x limit, by the magnetic flux
through the disc. Thus, there is a sequence of critical flux values where the bifurcating
mode changes its winding number. It is shown in [3] that the bifurcating mode is
locally stable near the bifurcation for x large enough.

Based on the results in [3] one can argue that the minimizer undergoes an abrupt change
when the flux varies around one of the above critical values (and when & is appropriately
tuned to guarantee that weakly non-linear analysis still holds). However, this result
seems to follow from the special geometry, and in general, for different geometries or
away from the linear regime, nothing would hold the vortices in the center.

1.4 Statement of the main result
In the present contribution we focus on the case

h 1
lim ez (1) = —

koo K 2\

with A close to 8y. We prove the following theorem :

Theorem 1.1
Let 6 > 0 be sufficiently small, so that t = d(x,0) is a smooth function of x for 0 <t <9,
and let

Qs = (e e dlx,090) <6} .

Then there exist € > 0, a function
[0, +00[X]B0, Bo + €[> (1,A) = U(1, \) € R,

a constant C' > 0 and ko, such that, for k > ko and he, = § with X\ €]Bo, Bo + €|,

2
C
U, ()2 — U(Lot(@),\) | doydas < — 1.
[ [ v (ste.2) | dsira< 5. (1.89)
v,/ P-voN] ds<-< 1.8b
1/l v N ] s < (1.8b)
The function U(7, \) is defined for 7 € RT by
U1, A) = | feon (s M)
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where f,(7; \) and () are associated to minimizers of a family of one-dimensional problems,
which will be analyzed in Section 2. The second statement in the theorem gives the L*(9)
convergence of |¥,|? to a constant and is consequently a weak form of Pan’s conjecture.
The rest of the contribution is arranged as follows :

In Section 2 we consider a one-dimensional differential operator and prove that it is positive
for By < A < By + €. In Section 3 we use the results of Section 2 to analyze a simplified
two-dimensional minimization problem, which was proved in [19] to be a good approxima-
tion of the full Ginzburg-Landau model for 5y < A < 1. The last section gives the proof of
Theorem 1.1.
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2 A one-dimensional problem

Let
: Jo 18/ (D)2 + (7 + 2)2]p(7)* dr
— f .
blz) $EH}, 05 (0.00D\ {0} I lo(r) 2 dr

(2.1)
Here
1 2 2 2
Hiag (10, +00]) = {u € L7(J0, +00]) , ' € L7 (]0, +oc]) and Tu € L7 (0, +00[)} .
It is well known (see [5]) that 3(z) has a unique local minimum at zy < 0, where

B(z0) = Bo = 23 .

Furthermore, (z) —— oo, and [(z) —— 1. Clearly, for Sy < A < 1 there exist
Z—00 Z——00
21(A\) < 29 < 22(A), such that

J21(A), z2(A)[= B ([Bo, AD -

It is also easy to show [6], that

" (20) = —220¢%(0) > 0, (2.2)

where ¢ is the minimizer of (2.1) whose L*(R,) norm is unity.
Let f.(7;A) denote the minimizer of

Eald) = [P +(r+2POMP + Il = NomP ar @23
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in H! (]0, c0]).

mag

The Euler-Lagrange equation associated with (2.3) is
— TN+ (T 4+ 22 L1 N) = Mo (T A (1 = £ 0)P) . (2.4)

It has been proved in [19] (Theorems 3.1 and 3.3) that, whenever z;(A) < z < 23(\), there
exists a unique positive global minimizer to (2.3). Furthermore, let

b(z,\) = inf E(p). (2.5)

PEH },44(]0,00()
Then, there exists () €]z1(A), z2(A)[, where z — b(z, A) attains its minimum over R :

B(C(A), A) = infb(z, A) .

Moreover, .
|+ ol (i O dr = 0. (26)

Remark 2.1
Note that when z €)z1(N), z2(N)[, then b(z, A) = 0, and the minimizer of €,y is the 0-function.
In particular,

b(C(N),\) <0, if A>p.

The following lemma will play a crucial role in the analysis of the two-dimensional problem
in Section 3.

Lemma 2.2

Let
. Jo 1@+ (7 + ¢+ a)?[¢(r)]* = AL — fe(73:0)?)|g(7)[* dr
’7(0[7 >\) - ¢EH71,112€]0,00[) fooo ‘¢(T>’2 dT ) (27)
with ¢ = C(\).
Then, there ezists € > 0 such that, for X\ € [Bo, Bo + €[,
miny(a,\) =0. (2.8)

aeR

Proof :
We divide the proof into three steps.

Step 1 : v(0,A) =v,(0,\) =0.
Let R, 3 7 — u(7;a, \) denote the positive minimizer of (2.7), whose L*(R,) norm is one.
Then, u satisfies

—u" (130, \) + (T + a4+ Oul(r;a, ) —
A1 = fe(ms A)?)u(r; a, A) = (@, Nu(r; a, A) (2.9a)

u'(0;, ) = 0. (2.9b)



For ov = 0, we multiply (2.9a) by f; and integrate over R, to obtain

10.3) [ filriNutria N dr =0,
0
Since both w and f; are positive, we have using (2.4),

0,0 =0, u(r,0,)\) = fﬁz;”j) , (2.10)

where, for p € [1, 400, || [, = || - [[Le(ry)-
Next, we differentiate (2.9) with respect to « to obtain, having in mind (2.4),

—up 4+ (T4 a+ () *ug — A1 = fOua = Yo + You — 2(7 + a + Q)u, (2.11a)
o (0) =0, (2.11b)

where u,(7;a, ) = (24) (50, A) and 7a(a, A) = 67 Lo, A).

Multiplying (2.11a) by u and integrating by parts we obtain

Yala, ) :2/OOO(T+04+C()\))|U(T; a, \)2dr. (2.12)

In view of (2.6) and (2.10), we thus have

Ya(0,A) =0. (2.13)

Step 2 : Je1>0: A< fo+ €= Yaal(0,A) > 36"(20) > 0. (2.14)

To prove the above statement we notice that z1(A) 1 2o and z3(\) | 20 as A — [y . Hence,
since z1(A\) < ((A) < 2z2(A), we have

() 0 (2.15)

Moreover, one gets from the fact that f, is a minimizer the property that

gz,A(fz) S 0

From this inequality, and (2.1), we easily obtain :

(A —5o) Bo)

1
Sl /llE < 1115

1(7 + 2).f2112 S)‘”sz%a (2.16)



and
A7 < A+ DL

Let z = ((\). Since |((A)| is bounded in some right semi-neighborhood of Jy, it follows
immediately from (2.16) that for R large enough we get

I3 < 201l 220,80 -

We now observe that :

[1cllf < CO= Bo)ll fellZeqo.ry < CO = Bo)R|Illf -

This gives first that :

N

1 fella < C(X = Bo)

and hence that R )
[ fella < C(A—Bo)2 .

By interpolation, we obtain

1 felloo < CIFNIZ 1FL1E < C'(A = Bo)T (2.17)

which implies that

Jim Jlfe (43 Moo = 0.

Substituting the above and (2.15) into (2.7) yields

Y(a, A) W Bla+ 2),

where the convergence is uniform on every compact set in R. Since 7 is holomorphic in «,
its derivatives must uniformly converge as well, and hence

Yaala, \) — 8" (a + 2p) , (2.18)
)\—>ﬂo

from which (2.14) easily follows.
We note that a tedious calculation shows that

f2(0;
173

with ¢ = ((A), from which one can easily prove (2.14) as well.
From (2.14) we obtain that

_ ) 6/\2 > 6/, . _% = 40 . _ 2
a00) = 205 s [ gt ar = [ e = o

dog>0: A< fBo+e =7, >0, Vo <a.

The last step would thus be to prove the above statement for || > ay.
Step 3 : Proof of (2.8).



From the definition of v (2.7), it follows that

Y(a,A) > B(C+a) — A

Clearly, for any ay > 0, there exists €5 > 0, such that, if A < Sy + €3, then [z1()\), 22(N)] C
[20 — a1, 20 + a1]. We now take ay = ag. This gives that (¢ + «) > ) for all |a| > ag, and
(2.8) follows.

U

3 On two-dimensional models on half cylinders

We can now prove the following theorem.

Theorem 3.1
For w €]0,400[ and X € [y, +00], let us consider the functional

/w 00 R
oz BN = [ [T16 il el - audade,  31)

where A
|1V + &)y |* = [i0e, ¥* + |(i0e, + &)U
and
Ho= {0 € Hppy(Rex] = LL[C) , VL > 0| 3z € R: 0616+ 2m/w) = “Hu(61.&) |

Let 1y the function
(Ry X R) 3 (&1, &) = ta(6r,6) 1= e N friy (€150 (3:2)
Then, there exists € > 0 such that :
Ew(w7)‘> > Ew(w)\a )‘) ) VA 6]60750 + 6[7vw >0 and Viﬂ € Hw : (33>

Remark 3.2
Clearly 1y is in H,, (take z = ((\) ). Hence, the theorem states that 1y is the global minimizer
of E, in H,,.

Proof :
Consider first functions in H,, which are given in the form
(517 52) — 1/1(51, 52) = fC(gh A)e—iC@U ) (34)
with v periodic,
v(61,62) = v(&1, & + 27/w), (3.5)

10



and
C=¢).
Then,

T/w o0 R
Ew = [ / | 1G9 + 6 O eol? + GAlFeol* = Ao e

Clearly,
m/w 00 A
/_/ / |(iv+(§1+C)i2)f<7j’2d£1d€2:
:/ / {|U| |f<|2 (& + Q)% fel?] +f<|VU|2 ( ) (| )4

+i(& + Q) fE (Uaa—g; - U%)} STISE

Furthermore, integration by parts and (2.4) yield

/,T/w/ {'”' (12 + (&0 + Q1] + <> <|v| >} dédé

/_/ / Els fg 1_fg)dfld52 (3.6)

Hence,

AE, = E (1, \) — E (fee %2 \)

w/w . .
2 2 .
/ﬂ/w/ ¢ [|VU| + (&1 + ¢) (vg —Ua_é_z)} de, de,
/w
+%/_ﬂ/w/0 FeE N (1 = (&1, &)|H)? derdes .

Using (3.5), we can write

v 6) = D oa(€r)e™.

n=—oo

Then,

_ 3 / Fol€ V2 [ (6P + (2 + 2000 (€)[7] des +

n=—oo

1 T/w 00
+ 5/_7r/w/0 Je&s N1 = [u(&, &) P)? dérdsy - (3.7)

11



Consider now the functional

w J(u,a) = / h | fe(&us VP [/ (€))7 + [ + 20(& + O)]|u(&)]?] déq .

0
Substituting w(&1) = fe(&; A) w(é&) and utilizing (2.4), we obtain :

PP ds = f |- (w?ﬁ—f)'+w2§—§'+ ] de
= I T [+ O = M= T2 des

Consequently,

Jw/fo ) = / T (WP 16+ C ) = AL — )] dE > () / Tl de;

0
Combining the above with (3.7), we obtain

AE>§:7MA/QMW@%/

n=—00 —m/w

/ fA(1 = o2 derdgy > 0,

which proves, using (2.8), Inequality (3.3) for every function in H,, satisfying (3.4).
Note for later use that this implies

A 1 T/w oo
Bty )= Bl @ 23 [ [ e ot e anas . 69
—m/w JO
To prove (3.3) for all ¢ € H,,, we consider now functions of the form

(£1,&) = Po(&1, &) = fe(&; e ™20, with v(&y, &) = v(&1, & + 27 /w) . (3.9)
Consider first the case when w € R satisfies

(—z

w

=P for some pair (p,q) € Z x N. (3.10)
q

Clearly, if 1 satisfies (3.9) for some w € R, then it also satisfies (3.9) for w/q, for every
g € (N\ {0}). Moreover, it is easy to show that

Eujq(to) = GEu(Yo) » Euyg(hn) = GEL(¥2) - (3.11)
We now choose ¢ = ¢, and observe that, according to (3.10), @ = w/q satisfies :
‘lez (3.12)
w

But in this case, 1)y admits the representation (3.4), and hence

Eo(to) = Ex(¥n).
Coming back to w and using (3.11), we have the proof of (3.3) when w satisfies (3.10) (with
the additional condition that z is fixed).
The proof of (3.3) in the general case follows now immediately from the density of the
rational numbers in R.

g
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4 Surface superconductivity

Let J be given by (1.1). Let (¥,, A,) denote a minimizer of J in H'(Q2,C) x H'(Q,R?).
We prove in this section that |¥,|? is nearly a constant along the boundary, in L*(9) sense,

as k — 00, and for
K

50<)\:he:v

<ﬁ0+6,

where € is defined in (2.8).
To this end we need to adapt the results in [19]. Let then

x = F(t,s) (4.1)
denote a diffeomorphism from
D(6) ={(s,t) : |s| <109/2, 0<t <6},

to
Qs={zecQ: dz,00) <d} .
In the above t = d(x,02) and s denotes the arclength along 0.
In order to formulate and prove the results of this section it is necessary to fix a specific

gauge for (¢, Ax). To this end we first define the magnetic potential P, to be the solution

of
VXxP.,=VXA,—hg, inf)

V-P, =0, in Q (4.2)
P.,-v=0, in 00 .
(cf. for example [8] for the proof of existence of a unique solution for (4.2).) Moreover, the
map associating the solution P, of (4.2) to the field (h, — he;) is linear continuous from
LP(Q) into WP(Q) for any p € [1,+o0[, and, using the Sobolev injection Theorem, one can

show that
HPHHLOO(Q) < CQ Hv X AH - hezHLOO(Q) . (43)

Let then e; = —7» denote an inward unit normal vector on Jf) and let ey denote a unit
tangential vector. Let further

g =Det(DF) =1—tr,(s),

where k, denote the local curvature on 0f2. Let (see [19]) F' be any vector potential such
that V x F' = h., and let a be defined by

a = aje; + asey = [F - e1]e; + [gF - es)es. (4.4)

By [14], or the appendix in [12], there exists A, such that if we substitute F' = A, in (4.4),
we obtain
ar(s,t) =0 ; ay(s,t) = heglea +t — 2k, (5)],

13



where

12
00

Coy =

The gauge in (1.2) is now fixed by the condition that the A, has in the new coordinates the
normal form given above and that A, satisfies

A, — A, =P, .

We now introduce the change of variables :

K K
(&1,&) = (ﬁt’ ﬁs)a (4.5)
and prove the following lemma :
Lemma 4.1
Let A
B, ) = | DU G KR for0 <61 < 350
1,62 (R(S/\/_ £2> zc2§2 —(&1— né/f) fOT‘ 51 Z H>\57

where co = c2(QY), and let

27r\/X

e = k|0
Then, as k tends to +00,
1 -
J (W, A) > FEwﬁ(qf,{, )+ O(1/k?). (4.6)

We will later prove (see (4.18)), that |E,, (T, A)| = Ck, and hence the correction term on
the right-hand-side of (4.6) is much smaller than the first term as k — oc.

Proof :
In [2] (see also [16]), it was proved that for A < 1, there exists g > 0 such that

IV(V x A,)| < Cerrd@0Q) (4.7)
Consequently, for x € €5, we have
d(z,00) oo
IV X Ap — hee| (2) < / IV(V x A)(t,s(z))|dt < C / e Mtdt .
0 0
Hence, there exists C'; > 0 such that
C1
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In view of (4.7) we can state the above inequality for the L>(€2) norm of V x A, — h,, and
thus (4.3) gives that, for some Cy > 0,

Cy
1A = Aull ooy < =

K

Hence, for some C3 > 0,
/S; ‘V X AK — hex’2 dl'ldl'g < %, (48)
and
; 2 ; R 2
Q K Q K

+/ |0, [%|A, — A |? dz + /(AR—AH)- [i(w_ﬂv\yn—%v\y_ﬂ)w&} dr >
Q Q K

. 2 .
> / (lv +A,§) U, de —2||A, — Az ||Vl |1 / ‘(ivwiﬁ) U,.| dz .
Q Kk Q K
In [2] it is shown that
|| + ‘(iv - AH) U, | < Cerrd@o) (4.9)
K
for some g > 0 when A < 1. Hence,
i ? i A ? C
~-V+ A, | V.| de> =V + A | V| do — —. (4.10)
Q K QO K K
Combining (4.8) and (4.10) we obtain
i A S C
J (W, Ag) > / ~V A+ AU + 20— U] de — = (4.11)
Q K 2 K2

Using the coordinates (4.1) we obtain

T 1

/ (‘<EV+AK> U, 4o |w, )t — |\1/H|2> dzyday =
Q5 K 2
_/ 1
D(6) K?

o,
t9 v
(/€ 0s * aQ) "
Applying the transformation (4.5), we obtain
\F 2V 09 g 0 \/X 9\ =
A o — ()22 |
/ d&/uam d£2m2 (2852 &=l K & "
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2

ov,. |?
ot

1

g2

1
+ §|\I]n|4 - |\Pn|2} gdet'

- 2
oV, 1 - -
+ 5)‘|\Dn’4 - )"\DF»P

9&

1




where g is defined by :
A
9(&,&)=1- %flﬁr(ﬁ&/’f)-

Since by (4.9), there exist ji > 0 and C such that on [0, \’j—‘; [x]— ';‘L\;;\', +”2|L\/§Xl‘ B

2
+ &P, )2 < Cehr

<a(z +&1 — (\/X&//f)\/?xff) \ijm

there exist u > 0 and C such that :

(56, +6) 7
(% . Nsz/n)%Xf%) ¥

[ [
ﬂam

Using the above arguments for the remaining terms yields

2
< Ce_“fl )

We thus obtain

ms 5190
V5 272 1
/ ¢, / dé, >
0 A

2

+0(1).

0
<Z8_§2 + fl) ®

j(\II.mAH) =
K ® ~ 2
1 /\ﬁ\é /mlml o, ’( G, ) 1 A ) L
- d¢ d¢ +|(i— +¢ + AT = AT | + O,
=) 1 e 2| | 5, o, to 5 | U | A (k77)
SO 1
T, A,) = FE%(@/R,)\) +O(k7?). (4.12)

Combining (4.12) with (4.11) yields (4.6).
U

We can now prove the main result of this work.
Proof of Theorem 1.1:

Let @/A),\,,.i : Q5 — C be given by

ala) = s (Z5t@)) exp {— (L5st0) } |

Let further x : Ry — [0, 1] denote a smooth cutoff function satisfying

x(t) = {é i
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Then, X(t(m)/é)zﬂ,\,n(a:) is in H'(, C), and it is not difficult to show that

N N ON.Y
j(qjm An) < j(¢k7m714n) = —% + O(H_2) (4.13&)
where
w
C\ = —%Ew(%, A). (4.13b)

By Theorem 3.1 there exists € > 0 such that, for 5y < A < Sy + €, we have, for all w,

w .
Cy = ~5- wlen:}a E, (1, ) (4.14)

Note that this implies in particular :

Oy = — lim — inf E, (¢, ) . (4.15)

w—0 27 YEH,,
Combining (4.6) and (4.13) we obtain

_Gilo9
RV

In [19] (Lemma 7.3), Pan proves (4.16), for any fixed fy < A < 1, by using as a test
functions the unknown minimizer of E,_ in H,, instead of ¢, and (4.15) as the definition

of C. He also proves (4.16) when A(k) — A (with A(k) = #(N)) but with an additional

TV, A) = + 0Ok, (4.16)

(’)([)\(/i) - A/ H) error. Note that when A\ = fy this result is no more useful since Cg, =0,

and hence the leading order term of J is unknown in this case (see [10] for results in this
case).
By (2.5) and (3.3), we have
Cy= _b(C()‘)> )‘) )

which shows that C > 0 for every fy < A < 1. Consequently, we have by (4.6) and (4.16),

Eu (Ui, A) < B, (1hx,A) + C. (4.17)
Thus, by (4.13b)
E, (T, \) < —C’A@ﬁ—f—C’
we (Wi, A) S N )
which proves that indeed )
1B (U, A)| = Cre (4.18)

and that the correction term on the right hand side of (4.6) is much smaller than the leading
order term.
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Let w, be defined by

U, (61,60) = fel6r: Nwal6,6) 7

Clearly, w, is periodic in &. Thus, by (3.8), we get
- 1 /W o0
o) = Bunn, ] 2 5 [ " dee [ e 110~
—7 Wk 0

Consequently, there exists Cy > 0 such that

e = 4 212

[ e [ dalsra -y <,
—7 Wi 0

and hence, for suitable constants C' and Cs,

R C /W 00 C
/ [|\Ijn|2 - |¢)\,H|2]2d$ S _21 df?/ d€1 |f§|4(1 - |wn|2)2 S _22,

Qs ot —T Wi 0 K
which proves (1.8a).
To prove (1.8b), we first notice that it is proved in [2] that :

1
and using the explicit form of 1&,\,,{, we obtain :
IV([W.* = [dasl?)] < C. (4.19)

Evidently, as a consequence of the mean value formula, there exist C' > 0 and 9y > 0, such
that, for every 0 < ¢’ < ¢y, there exists 0 < §” < ¢’ such that

~ 2 C R 2
/ |:|\Ijli|2 - |77Z}>\,n|2i| ds S 5 |:|\Iln|2 - |77Z})\,H|2 dxlde .
t=4" Qg

Furthermore by (4.19), we have

o 2 o
[ [ = inal | ds <€ [0 = s + Ons”.
o0 t=4"

Consequently, there exists C' > 0 such that :

~ 2 c1
2 _ 2 < — /.
/ag [Nj“l [oarl } ds < o K2 +Cno

Choosing §' = x~%/2 proves (1.8b).
U
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Finally, we compare Theorem 1.1 with the results in [10] (Remark 1.5). As was stated
already in the introduction, when p(k) = o(x'/?) and tends to oo as k — +oo, (1.4) holds.
The function u in (1.4) is given by

[uo(7)

luoll3

u(t) = Bo

up denoting the minimizer of (2.1).
We first note that, since as A — [y, we have

A — Bo
u

ng(T)Nﬂ—g (1),

and since

A — bBo
h
(1.4) and (1.8a) match. The error in (1.4) is substantially smaller than in (1.8a). The
difference is explained by the fact that 1, itself is small on 92 when A — ;. Thus, if we
extrapolate the error term in (1.4) to external fields for which p/k & 1, it becomes O(k™?)
exactly as in (1.8a).

P
~ — as kK — 00,
K
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